CLASSIFICATION OF CONVEX ANCIENT
SOLUTIONS TO FREE BOUNDARY CURVE
SHORTENING FLOW IN CONVEX DOMAINS.

THEODORA BOURNI, NATHAN BURNS, AND SPENCER CATRON

ABSTRACT. We classify convex ancient curve shortening flows with
free boundary on general bounded convex domains.
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1. INTRODUCTION

A smooth one-parameter family of immersions X : M; x [0,T) — R?
is said to evolve via curve shortening flow if it satisfies

(1) 0 X (u,t) =R

where K(u,t) is the curvature vector of I'; := X (M;,t). It was shown
by Gage and Hamilton [GH86] that, given any compact, convex, em-
bedded initial condition I'y, there exists a solution to , which exists
on a maximal time interval, and further, Grayson extended this result
for an arbitrary embedded closed curve. A solution to curve shortening
flow is called ancient if it exists on some time interval which contains
an interval of the form (—oo, a] for some a < oo, which by time trans-
lation we can take to be 0. Examples of ancient solutions include the

stationary line, the shrinking circle, the Angenent oval and the grim
1
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reaper. The free boundary curve shortening flow is the following Neu-
mann problem:

0 X(u,t) =K on ]\21
(2) X,(0M;) C 09
(v,v%0 X) =0 on OM;,

where 0 C R? is some closed and connected domain with boundary 0f).
That is, the endpoints of the family I'; remain orthogonal to a fixed
supporting curve 0f). It has been shown that convex curves which lie
inside a convex domain, with free boundary with respect to 02, remain
convex with respect to the free boundary curve shortening flow and
moreover, shrink to a point on the boundary curve [Sta96al [Sta96b].
Very recently, Langford and Zhu [LZ23] proved a Grayson-type theorem
in the free boundary case, by proving that embedded curves converge
in infinite time to a (unique) “critical chord”, or contract in finite time
to a “round half-point” on 0. The classification of convex ancient
solutions to the free boundary curve shortening flow was initiated by
the first named author and Langford [BL], who proved that, up to
rotation, there is a unique solution to this problem on the disk. In this
paper we will expand those methods in order to produce the following
analogous result on strictly convex domains of R2. In this more general
setting, we can no longer rely on the existence of certain symmetries
of our free boundary curve, and so the barrier method used in [BL]
needs to be treated with more care. Similarly, in order to achieve
boundary height estimates, we use a Taylor expansion argument on
the free boundary curve, contrast to what was done in the case of a
a disc, in which the relation |ks| = & is used at the boundary of the
solution. With these adapted techniques, we are able to prove the
following theorem:

Theorem 1.1. Let ) be a convex domain in R? with smooth boundary.
Then, modulo time translation, for each diameter of €2, there exist
precisely two convex, locally uniformly convex, ancient solutions to the
free boundary curve shortening flow in 2, one lying on each side of
the diameter. By a diameter, we mean a line segment intersecting OS2
orthogonally.
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2. EXISTENCE

In this section we will provide an explicit construction of a non-trivial
ancient solution to the free boundary curve shortening flow emanating
from a diameter of a convex domain. In the ensuing discussion, we shall
let Q be a strictly convex domain in R? with smooth boundary and
consider a diameter of €2, D, that is, a line segment which intersects
0f) orthogonally. Note that such a diameter always exists; consider
the segment which maximises the Euclidean distance amongst pairs
of points on 02. By scaling, translating and rotating, we may and
henceforward will assume that D lies on the z-axis with endpoints
:*:61.

2.1. Barriers. We parameterise ) via the turning angle
(3) [T, 3] » R?

272

so that the tangent and outward unit normal to dQ2 at ®(w) are given
by 7 w) = (cosw,sinw) and v*(w) = (sinw, —cosw). Notice that
with this parameterisation and under our assumption on the diameter
D, ®(+%) = =+e;. Define C to be two circles of radius r that lie inside
2 and are tangent to 02 at the points +e; respectively, which we can
always do since the boundary is smooth (see Figure . Moreover, we
choose r to satisfy

0 1
(4) dr <k (w)gﬂ

for all w, the reason for which will be made apparent later.

Definition 2.1. Let I' be a convex curve intersecting a circle C' at a
point p, and consider the radial segment R passing through p and the
centre of C'. We shall say that T intersects C' at an acute angle at p,
if the tangent to I' at p locally separates I' and R inside C'.

Next we show that convex curves in ) intersecting the boundary
orthogonally near D with y > 0 intersect CF in acute angles. This will
enable us to create upper barriers for a solution of .

Lemma 2.2. Let I" be a conver curve inside ) which intersects the
boundary orthogonally at two points in {r >y > 0}. Then I" intersects
C. (resp. C}F) transversally at two points, and at the intersection point
p with the smallest (resp. larger) x-coordinate, I intersects C,. (resp.
Cr) at an acute angle.
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Proof. We prove the lemma for C, as the proof for C is similar.
Consider a parametrisation of C;~ by turning angle
C:[-T,%] - R%.

27 2

For any 0, € (m, %), using the fact that C(¥) = ®(2) = —e, we
have
o

{e1, ®(60)) — (e1, C(bo)) = /3,r (e1, () — C"(6))d0

(5) 0

1
= _— >
[)W COSQ(H(Q) r)d@_(),

2

with the last inequality being true because of .

Since I' is convex, we can parametrise it by turning angle, v := (),
and since I' N 0Q C {y > 0}, we can assume that there exists a point
x € I' so that o = 7(0). Let py = y(wo) and p; = y(w1) be the points
of intersection of I' with 02 and C; respectively with the smaller z-
coordinates. Denoting by 6; € (3,28) the angle for which p; = C(6;),
the lemma is equivalent to showing that

(6) (cosBy,sinb,) - (coswy,sinwy) < 0,

that is, the tangent vectors of I' and C,~ at p; form an angle that is
bigger than 7.
Let 0y € (m, %) be such that ®(6y) = po. Then

(cos wy, sinwy) = (sin by, — cosby) ,

and therefore, 6y = wy + 37” Consider the tangent to I' at py and let
p2 be the point of intersection of this tangent and C,~ with the smaller

z-coordinate. Let 6, € (Z,%8) be such that p, = C(6,). Then, using

the convexity of I' we have that

(Do, e1) < (p2,e1) < (p1,e1)
and thus, using , we obtain 0y > 6y > 6;. Now, since 6; > 6y, by
convexity of I', we have
w1 + 37” > 91 .

Recalling the domains of definition for w; and 6, this implies @ 0

Remark 2.3. It should be noted here (as it will be useful later) that
the proof of Lemma does not require that the curvature of C is
constant but merely that the minimum curvature of C, is bigger than
the maximum of 02 around the point of contact.
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FIGURE 1. I' intersects C, at an Acute Angle.

With all this in mind, we are ready to construct upper barriers for
solutions to the free boundary curve shortening flow in €2. Consider
the arcs

K, :={(z,y) € B': 2> + (cscw — y)* = cot’ w},w € (0, )

which intersect S' orthogonally at the points (& cosw, sinw). In [BI,
it was observed that if we set w(t) = arcsine®, t € (—o0,0), then the
inward normal speed of K, is no less than its curvature. By scaling
and translating we see that the same is true for

Kti = TKw(r—%) + (1 — 7“)61,

which are now families of curves that intersect C orthogonally. Define
the curves

(7) K, =K'UL, UK,

where L; is the line joining the point K, N C, with the larger z-
coordinate to the point of K;" N C;F with the smaller z-coordinate (see
Figure . The maximum principle along with Lemma gives us the
following:

Proposition 2.4. A convez solution to the free boundary curve short-
ening flow in Q0 which lies below K; and a time to for somet € (—o0,0)
must lie below Ki ., , for allt >t such that t —ty+t < 0.

2.2. Old-but-not-ancient solutions. For each p > 0, choose a smooth
curve I'” in € with the following properties:

(a) TP Cc QN {(x,y) e R* | y > 0}.
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FIGURE 2. The Curves K; = K;" U L, UK,
in Q.

(b) I'” meets 09 orthogonally and lies below the line y = p.
(c) TPNQ is the relative boundary of a convex region 2* C QN{y >

0}.
(d) The curvature ” of T'” has a unique critical point at which ”
is minimised.

Such a curve always exists. In particular we have the following.
Lemma 2.5. Define the scaled and horizontally shifted Angenent oval
A% = {(x,y) € Q| sin(Ayy) = e cosh(A(x — &)}

Then, for all p < r, there exist \,,&, and t, such that the curve I'’ :=
A?p”’g" satisfies (a)-(d). Moreover, as p — 0, A, — Ao, where g is
defined to be the solution of
A — A% (er) + £%(—e1)) coth(2X) 4 k(e )x?(—ey) = 0,
which satisfies X > max{r(e1), k¥ (—e1)}. Additionally, £, — & where
1 1
&o=1-— " cosh™*

0 Y (6’1 )2
]_ - AQ
0

The proof of the existence of such Ai‘p” £ and properties thereof can
be found in the appendix.
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The idea to construct an ancient solution is to take subsequential limits
of the flows coming out of the curves I'?, as defined in Lemma [2.5] as
p— 0.

Lemma 2.6. For each I'?, with p sufficiently small, there exists a K,
as defined by , such that Ky, lies above I'” and t, — —oo as p — 0.

Proof. Given p < r, we can pick K;, so that it is tangent to the line
y = p at two points. It follows that K;, lies above I'’. As p — 0,

w(r~2t,) = arcsin(e2" %)) — 0 which implies t, — —o0. O

The work of Stahl [Sta96al, [Sta96b], now yields the following old-but-
not-ancient solutions.

Lemma 2.7. For each p > 0, there exists a solution to the free bound-
ary curve shortening flow {I'} }1¢(a,,0) with ng =I'?. Furthermore, this
solution satisfies the following:

(1) T? is convex and locally uniformly convex for each t € (c,,0).

(2) The curvature k” of T has only one critical point at which K
has a minimum.

(3) ap = —o0 as p — 0.

Proof. Existence of a maximal solution to curve shortening flow out of
['* which meets 02 orthogonally was proven by Stahl [Sta96al, [Sta96bl,
similarly it was shown there that the solution remains convex, locally
uniformly convex and shrinks to a point on the boundary at the fi-
nal time. We obtain our solution {I'}c[a,0) via time translation. By
[Sta96a], we know that at a boundary point |?| = k?x* and so an
application of Sturm’s theorem |[Ang88] to x? proves (2). Finally prop-
erty (3) is an immediate consequence to Lemma and Proposition

2.4 O

Next, we wish to show that we can obtain estimates for the curvature
and its derivatives for the the flows {I'/}+c|a, 0) Which are uniform in p.
In the following, we fix p > 0, drop the super/sub-script p and fix the
following notation;

) (1) = min & = K(p(t)
and
(9) {F®)}=00nT,

with z(¢7) < z(q%). We define 6, € (0,7) to be such that if we
parameterise ['; via the turning angle, v, = 7;(0), as described for ®
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in the beginning of subsection 2.1, then the domain of v, is [—60_, 6, ].
Finally, we will write

R (1) = r(q" (1), F_(t) == r(g™(2)).

Lemma 2.8. For any old-but-not-ancient solution, with p sufficiently
small, there exists a constant C such that for all t < v}

) (m@;e_(t)) < o -

where 1 is defined as in .

Proof. We use the parametrisation of I'; by turning angle
Mt [_9*70+] - Qa

so that the unit tangent vector to the curve at ;(0) is given by 7,(6) =
(cosf,sinf). Let § := (t) be such that y(6(t)) = p(t). Since I'; is

convex, we have
O+ cosu 1% sinf, —sin¢

2> (¢" —p,e :/ du > — cosu)du = —
_<q p 1> o /‘i(U) _KZ+ ; ( ) Ri

and similarly

0 0 . .
= 1 [= 0 0_

22(]7—(],61):/ cosuduz__/ (cosu)duzwa
_o_ K(u) R_ J_g_ R_

which yields
sin 0, + sin0_

Ry +FR_o > 5
At the boundary |k,| = k&%, and so
do _ ao_  _
=T g =Rt
therefore,
(0, +0.)

> 4r(Ry +R-) > 2r(sinf; +sinf_)

= 4r tan (—9+;0*) cos (—0“59*) cos (6+59,> :

Consider the time tq for which

dt

(10) 0,(t)+0_(t) = g
Note that by considering p sufficiently small, we can ensure that such

aty > a, exists. Thus for any ¢ < t; we have

d(f+ +6-) > 9 tam 0y +6_
dt - 2 ’
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which, after integrating from ¢ to ty, yields
0, +6_
sin <L> < Ce™.
2
Finally, to bound ¢y, by monotonicity of 6 (t), we have
T
O.(t)+0_(t) > B

for all £ > . Define A(t) to be the area of the convex region enclosed
by I'; and 0f2. Since
dA
dt

integrating from ¢, to 0 gives us

Alty) > —gto,

0.(t) +0-(1),

and since A(ty) < ||, we obtain —t < @ O

Remark 2.9. We remark here, as it will be used later, that we can
also find an upper bound for ¢y, the first time satisfying . Indeed,
consider a continuous function A : [0, 7] — R sending ¢ to the area of
the convex region enclosed by 02 and the line segment joining points
py = (5 +0),q0 = ©(m+0) € 99, where ®(0) is the angle parametri-
sation defined in (3)). By smoothness of the boundary, 1(6) is continu-
ous, and h(#) > 0. By compactness of €2, infgepo,z1 h(6) > 0. Convexity
of {T't}tefa,0) implies that A(tg) > infpep =) h(0), independent of a,.
Thus, by using the fact that

for all t < 0, integrating from ¢, to 0 and using the fact that A(ty) >
infgejo,21 h(6), gives the upper bound for .

With Lemma [2.8] we can obtain uniform estimates which yield the
following.

Proposition 2.10. For any diameter D of ), there exist two converx,
locally uniformly convex, ancient solutions to the free boundary curve
shortening flow in €, one lying on each side of the diameter. Ast —
—o00 both of these solutions converge to D.

Proof. For each p sufficiently small, consider the old-but-not-ancient
solution {I'} };¢[,,0) as constructed in Lemma . If we represent '}
as a graph over the z-axis; x — y”(x,t), then convexity and Lemma [2.§]
implies that |y?| = | tan 6| can be bounded uniformly in p, which in turn
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implies the gradient of this graph representation is uniformly bounded
in p. Therefore, Stahl’s (global in space, interior in time) Ecker-Huisken
type estimates [Sta96al imply uniform-in-p bounds for the curvature
and its derivatives. Therefore, the limit

{Tfhera,0 = {LtHe(-,0)

exists in the smooth topology (globally in space on compact subsets
of time), and the limit satisfies the curve shortening flow with free
boundary in . By our uniform bounds on ¢, in Remark 2.9] it is
easily verified that this limit is not the trivial solution. Since each I’
is the limit of convex boundaries, we conclude that the limit is also
convex at each time-slice, and, by [Sta96b, Corollary 4.5], I'; is also
locally uniformly convex for all . The second solution is achieved by
repeating the construction in QN {y < 0}. O

3. ASYMPTOTICS FOR THE HEIGHT

In this section, we fix the ancient solution, {I'; };c(—,0), that we have
constructed in Lemma 2.10] as a limit of old-but-not-ancient solutions
{I'¥ }te[-a,0) With initial condition I'; = I'* as defined in Lemma .

We shall aim to show that as a graph, lim;_,_. e"\gty(x,t) exists in
(0,00) for all z € (—1,1). This asymptotic behaviour will be used to
show uniqueness in the next section. The argument presented in this
section follows the general idea of that in [BLL Section 2.4]. However,
in this case we have to account for the lack of symmetry. For instance,
the point for which the minimum curvature occurs for some time-slice
of our constructed solution need not occur on the y-axis. Moreover,
the boundary maximum principles become more complicated as the
relation ks = k is no longer valid. In order to deal with the fact
that 02 doesn’t have constant curvature, we use a Taylor expansion
argument around D.

Lemma 3.1. For all sufficiently negative time,
(v, )| < A
for some positive constant A > 0.

Proof. Note that tlim (7,v) — Ak = 0. Assume there is a first space-
——00

time for which this is equal to some positive number e. If this point
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occurs on the interior, then we would have
0< (0 —A)({v,v) — Ak) = K*(y,v) — 2k — AK®
= —2k + K*({7, ) — Ar)
=kr(—2+e€er) <0

where we have estimated k,e < 1, which is absurd. On the (right)
boundary

((77 V) - AH)S = H(<77 T) - A’%Q) < 07
where we adjust A if needed (the computation at the left boundary
point is analogous). The Hopf-boundary point lemma then implies

that such a point cannot occur on the boundary. Taking e — 0 proves
the result. O

Next we will prove curvature estimates, which will allow us to obtain
estimates of the height function. As introduced in Section 2, we will
use the notation K4, 64, but now for the ancient solution {Ft}te(—oo,O)
instead of the old-but-not-ancient solutions {I'{ };¢[a, ). Similarly, we
define & = max{r ,k_}.

Lemma 3.2. There exists a constant C, so that for sufficiently negative
time,

K< Ce,
where r is defined in .

Proof. Let t < 0, and let ¢, q_ and p be defined by and @ Then,

O+ cos(u sinf, —sinf
<‘J+—P,€1>:/ ( )dUS hs —
0

K K

and

—0_ K K

0 cos(u sinf + sin 6_
@—q,Q%:/ (Mu< - :

After adding these inequalities, we obtain
k< sinf; +sinf_ < Csin (8+ + 9)
(g+ —q-,e1) 2

for sufficiently negative time. The result then follows from Lemma [2.8]
O

Lemma [3.2] allows us to obtain the following sharper estimates.

Lemma 3.3. There exist constants Cy,Cy so that for sufficiently neg-
ative time

I S C’lert
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and
|ks| < Cark,
where r is as defined in (4)).

Proof. First note that the first inequality follows from the second; if
|ks|] < Csk, then (logk)s < Cs. By integrating from the point of
minimum curvature to the point of maximum curvature and noting
that Length(T'y) < 2, we have for small enough ¢

202 2 IOg Eu
fa

which implies & < e2“2k. The first inequality then follows from Lemma, .
For the second inequality, by Lemma [3.1] it suffices to show that
|ks| — Ck + (v,v) < 0 for some constant C. For each 0 < ¢ < 1,
define a function

Je = |ks| = Cr + (y,v) —e(e +1).

Clearly lim; , o, f- = —¢ < 0. We will show that for sufficiently nega-
tive times, independent of €, f. remains negative. First of all, we can
ensure that f. < 0 at the boundary, since, by using Lemma |3.1],

fo < wE = Cr + (v, v)
< k(KT = C+N\),
and so we can pick C to ensure that f. is always negative on the
boundary, and we also ensure that 3C + A > 1. Now assume there
exists a first time at which f. = 0 at some point. Such a point must
be in the interior and moreover, since C' > A, at that point we must

have ks # 0 and without loss of generality we assume kg > 0. If we
denote by T the time for which k < %TIH\) for all ¢ < T, then for

all t < T, at the first point for which f. = 0, we have
0< (9 —A)f
< dk*ky — CK* + K2 {7, V) — 2K — €’
<4k} Ok — {(v,v) +e(e' + 1)) — Ok® + K* (v, v) — 2K — ce
= 3CK> + 4Kk%e + (4K* — 1)ee’ — 3K (v, V) — 2K
< (3C + N)K® + 4K + (4K — 1)ee’ — 2k
<0

for sufficiently negative time, where we have used used the Lemma (3.1
in the penultimate inequality above. This is a contradiction which
completes the proof. O
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Remark 3.4. Notice that proof of Lemmas and did not
depend on the solution constructed in Lemma [2.10] and are therefore
true for any ancient solution to the free boundary curve shortening
flow in €.

With these curvature estimates in mind, we are ready to prove the
following height estimates. These height estimates do depend on the
particular ancient solution constructed in Lemma [2.10]

Lemma 3.5. There are positive constants n and n, depending only
on the boundary curve €0 such that the ancient solution {Ft}te(_wo)
satisfies

K
—e™ > )\3 — ne"
for sufficiently negative time.

Proof. We will prove that ge"y > A2 —ne™ on each old-but-not-ancient

solution {F?}te(atx,o) for A sufficiently close to Ag. Indeed, on the initial
curve we have

K
—e™ > M cosf > N (1 —sin?0) > \? — Ce*™,

Yy
where we have used Lemma [2.8|in the last inequality. Thus, the bound
is always true at the initial curve, for sufficiently large —a;', provided
n > C. We will now show that the bound remains true during the flow
for at least a small period of time independent of A. Presume there is
a first time in which ge”y +ne™ = \2. If such a point were to occur in

the interior, then

which means

at such a point. Therefore

0> (9, — A) <fe”y + ﬁe’"t)
Yy

1
= (0, — A) (ke"™) + nre’
> \n (—n sin? 6 — 2E sin 0) + nre’t
K

> ANn(—nsin® § — 2C, sin 0) + nre"™
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for sufficiently negative time, where we have used Lemma in the
last inequality. Using Lemma we can estimate sinf < Ce™ and so

02 (0~ &) (Ser g e
Y

> A2pett (ﬂ — 20,0 — n(ﬂe”) ,
A%n

which can be made positive for sufficiently negative time, provided we
adjust 7 so that nar > 20,CA*n. This is a contradiction and so the
first time in which ge”y + ne™ = A\? cannot happen in the interior.
Similarly, if we presume that this minimum occurs at the right-most
boundary point, then the Hopf boundary point lemma implies

in 6
(11) 0> (Ee"y + ﬁe’"t> = Zenw </£Q Y sin 9) :
Y s Y Y

However, we claim the right-hand side can be made positive by choosing
n sufficiently large. Indeed, by considering angle parametrisation ®(#)
as defined by , and the Taylor expansion of the height function on
the boundary curve, (®(5 + ), es), around 6 = 0, with respect to 6,
we obtain

0
y(0) = — +O(¢?)
ky
from which, it follows
in @
o _ Sin
Y
for some constant C'. Therefore,
0> <Ee”y + neCt>
Y s
K o sind ,
=—e" K" — + nsinf
Yy

Y
> 0,

> —(C'sinf

so by choosing n > C, and the claim follows. The same argument after
reflecting about the y-axis demonstrates that this minimum cannot

occur at the left-most boundary point either. This completes the proof.
O

Lemma 3.6. There exists a positive constant m depending only on the
boundary curve €2 such that the ancient solution {Ft}te(,oo’g) satisfies

K
—e W< )\3 + me"t
Yy
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for sufficiently negative time.

Proof. We will prove the result on each old-but-not-ancient solution
{T}ie (@ 0) Where A is sufficiently close to Ag. For sufficiently negative
time we have

(8, — A) (fe—”y) < 1 (/{36_"3/ + 2K4n sin 06_”y) +2 <V (Ee_ny) ,@>
Yy Yy Yy

Yy
2 : K _n K —n Vy
< C(k*+sinf) | —e ™| +2(V|—e™|,—
Yy Y Yy
S Cert (Eeny) + 2 <v <Eeny) 7@> ,
Y Yy Y

where we have used Lemma|3.3|in the last inequality. At the boundary,

we have
ind
(Ee"y) < B (KJQ Y nsin 9)
Y s Y Y

which is negative by our choice of n in the Lemma 3.5 Hence the Hopf
boundary point lemma and the ODE comparison principle imply

K _ K _
max —e Y < Cmax—e ™.
I'y y Fat y

But now,

(8 - A) (fe—”y> < Cetmax Se 4 <v (Ee‘”y) , E> ,
Y Fat Yy Yy Yy

which by the ODE comparison principle again, implies

K K
max —e "™ < (14 Ce™) max —e .
vy Fay Yy

Since on the initial time-slice Ty, = A},

Eenv = Atan{hy) cosfe ",
Y Y
the claim follows by letting A — \g. (l

We are now able to prove the major result of this section.

Proposition 3.7. If we parameterise I'y as a graph over the x-axis,
then the limat

Az) = lim e My(x,t)

t——o0

exists in (0,00) for all x € (—1,1) on the constructed ancient solution.
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Proof. First we show that
(12) e Nty(x,t) < C
for some constant C' and for all ¢ small enough. By Lemma [3.5] for
sufficiently negative time,

(logy(t) — )‘gt)t = m -

> (7™ — 1)A] — ne™.
We claim that there exists a positive constant a such that
fly,t) :=1—ae" —e ™ <0

for all ¢ sufficiently negative. Indeed lim;_, ., f = 0, and for sufficiently
negative time,

K 2
0

fi = —are™ + IR =ny

cos 6
< —are™ 4+ 2nCe™,

where we have used Lemma |3.3] and have estimated secf < 2. Thus,
we can pick a so that there exists a T" < 0 so that for any ¢t < T, we
have f; < 0. This proves the claim, and so

(logy(t) — Ait); > —(ari + n)e™.

Integrating from ¢ to T proves that logy () — A2t is uniformly bounded
from above for all ¢ < T', hence is true for all ¢ sufficiently small.
Now we will prove

(13) e Ny(z,t) > C

for some constant C' > 0 and for all ¢ small enough. By Lemma ,

for sufficiently negative time,
K
(log y(t) — Ajt)e = ;

y cos 6 -0

ny

e

<
cosf

Similar to before, we claim that there is a positive constant b such that

ny
g::1+be”—6—20
cos 6

for all ¢ sufficiently negative. Indeed, lim;_, ., g = 0 and, for sufficiently
negative time,

— 1A + dme™.

e"nrk  e™O,sinb

— o b rt
% cos? 6 cos? 6 +ore
> —8nCie™ — 16Ce™ + bre™,
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where we have used Lemma[2.8] Lemma[3.3]and have used the estimates
Cols -2, —e™ > —2 and —6; > —2. Thus, we can pick b > 0 so

that there exists T' < 0 so that for any t < T', g; > 0. This proves the
claim, and so

(logy(t) — Aat); < (DA + 4m)e"™.

Integrating from ¢ to T proves that log y(¢) — A3t is bounded from below
forallt < T, hence is true for all ¢ sufficiently small. Now, we show
that the limit exists, from which, our uniform bounds above imply the
result. By a direct calculation

4 (e, = (m - ) e
> O (e = 1) —ne™)
> é( a)\2—ﬁ)e”
where we have used and Lemma . Therefore, we conclude that
Jim e Ny (e, ¢)

exists in (0, 00). O

4. UNIQUENESS

Let {T't}tc(—o00) by any convex, locally uniformly convex ancient
solution to the free boundary curve shortening flow in €. We may
assume by Stahl’s theorem [Sta96b] that I'; contracts to a point on the
boundary 0f2 as t — 0.

Lemma 4.1. I'; converges in C* to a diameter as t — —o0.

Proof. The proof of this is the same as that shown in [BL, Lemma 3.1},
mutatis mutandis. O

Therefore, by scaling and translating, we may assume without loss
of generality that the backwards limit is D = [—1, 1] as assumed thus
far.

Lemma 4.2. There exists a constant C' such that for sufficiently neg-
ative time

k< Ck

on the ancient solution I';.

Proof. The proof of this is identical to that in Lemma [3.3] as per Re-
mark [3.4] O
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Lemma 4.3. If we parameterise I'y as a graph over the x-axis, then
there is a constant C' such that

sup (limsup e)‘gty(ac,t)) < C,

ze(—1,1) \ t——00

Proof. Denote by {f‘t}te(foo,o) the solution constructed in Lemma [2.10|

Then for all sufficiently negative time, T, N T, # 0. Indeed, if this were
not true, then they would be disjoint for all times and therefore have to
contract to the same point on the boundary at ¢ = 0, which contradicts
the avoidance principle. Therefore, for any t sufficiently negative, there
exists an xy € (—1,1) such that y(zo,t) < y(zo,t), and therefore, by
Proposition (3.7

e_’\%ty(xg,t) < e‘Agtgj(xo,t) <C,

Now let = be some other point in (—1,1). Then, by Lemma [4.2] there
exists a constant C' such that for sufficiently negative time

t t t
ey = [ utenar= [ SDa<c [ 00y Gy,

NS e C cos gy
Hence, by once again using Proposition |3.7
e Nty (1) < Ce Mty (xg,t) < C.
O

We will now examine the limiting behaviour of the height function
on the general ancient solution.

Proposition 4.4. For some constant A, we have

i K1 — Ro
20 — (K1 + K2) tanh A

My(z,t) — A (cosh()\ox) sinh()wc))

uniformly as t — —oo, where k1 := k(1,0), Ky := k% (=1,0).

Proof. For each 7 < 0, let y"(x,t) := e 27y(x,t + 7) defined on the
time-translated flow {I7] };c(—oc,—7) where I'] :=T'y .. Lemma , im-
plies a uniform bound for y™ on {I'] }+c(—oo) for any T' € R. Alaoglu’s
theorem therefore yields a sequence of times 7; — —oo such that y™
converges in the weak* topology as j — oo to some y>* € L2 ([—1,1] x
(—00,00)). Since convexity and the boundary condition imply a uni-
form bound for V7y™ on any time interval of the form (—oo, T], where

V7 is the gradient on I'], we may also arrange that the convergence in
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uniform in space at time zero, say. For any 7, note that y™ satisfies
the following boundary value problem;

(14) (O —A7)y% =0 in I7]
(VWy", N) =y-f on I,

where f = %, N is the outward unit normal to 02 and A" is the
Laplacian on I']. Since y™ satisfies then necessarily

[ [ i s
—oo JI,7

for all smooth 7 which are compactly supported in time and satisfy
V'n-N=mn-f on oIy,

where (9, — A™)* = —(9; + A7) is the formal L*adjoint of the heat
operator. Since {F?}te(_ooj_ﬁ.) converges uniformly in the smooth
topology to the stationary interval {[—1,1] x {0} }ie(—o0,00) 88 7 — 00,
we may parameterise each flow {F?}te(_ooﬁ_m over I := [-1,1] by
a family of embeddings 7/ : I x (=00, —7;) — Q which converge in
C (I x (—00,00)) to the stationary embedding I'*°, which is char-

loc
acterised by (z,t) — xe;. Given n € C§°(I x (—00,00)) satisfy-
ing n,(1) = nky, and n,(—1) = —nke (recall that f(e;) = k1 and
f(—e1) = —ka). Set 7/ = ¢’n, where ¢/ : [—1,1] X (—o0,7;) — R is
defined by

W (z) = Y,
where s1(2,t) = (|74(2,t)| = 1) f(7/(2)). This ensures that V77 - N =

7’ - f, and hence
/ /T- Yo (0 — A7) ) = 0.
—0o0 Ft]

Since ¢/ — 1 in C2 (I x (—00,0)), then weak* convergence of y™ to

Yy as j — oo implies

Thus by the L? theory for the heat equation, y> satisfies

Yy =yge in [—1,1]
Yoo (£1) = xy - f((£1,0)) on OI7.
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Finally, we characterise the limit. Separation of variables leads us to
consider the problem

—ue = pp in [—1,1]
0. (£1) =+ - f((£1,0)) on OI7.

After a long calculation, one finds that the negative eigenspace re-
stricted to convex functions is one dimensional. This eigenspace cor-
responds to the eigenvalue \g, as defined in Lemma [2.5( and the corre-
sponding eigenfunction is given by
K1 — R2

200 — (K1 + K2) tanh g
Note that in general, there might be a second negative eigenvalue,
however, in that case the corresponding eigenfunction is not convex.

Thus,

¥ = cosh Aoz + sinh A\gx.

K1 — Ro
2X0 — (k1 + K2) tanh Ag

for some A > 0, and by the avoidance principle, such an A is unique.

0

y>®(z,t) = A <cosh Ao + sinh /\0x>

Uniqueness of the constructed ancient solution now follows directly
from the avoidance principle.

Theorem 4.5. Modulo time translation, for each diameter of ), there
exists precisely two convezx, locally uniformly convex, ancient solution
to the free boundary curve shortening flow in €2, one lying on each side
of the diameter.

Proof. Consider two convex ancient solutions {I';} and {I';} to (2 lying
on one side of D. Given 7 > 0, consider the time-translated solution
{I'7} defined by I'] =T, .. By the previous proposition;

K1 — K2 .
h(A
2X0 — (k1 + K2) tanh Ag sinh( 0x)>

as t = —oo. Thus, I'] lies above I'; for ¢ sufficiently negative. The
avoidance principle then ensures that I'] lies above I'; for all ¢ €
(—o0, —7). Taking 7 — 0, we find that I'} lies above I'; for all t < 0 by
the avoidance principle. But both curves reach the same point at time
zero, and so they must intersect for all ¢ < 0. The strong maximum
principle then implies the two solutions coincide for all ¢. O

e Nty (2, 1) — AT (cosh()\ox) +
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APPENDIX A. ORTHOGONALLY INTERSECTING ANGENENT OVALS

Let 2 C R? be a compact, strictly convex domain and let D be any
diameter of (. By shifting, rotating and dilating, we may assume that
D = [~1,1]. We will show that for any p > 0, there exists a time-slice
of an z-shifted Angenant oval of the form

A?’g = {(7,y) € Rx (0,55) | sin(\y) = et cosh()\(x -9)}

such that A? £ intersects A< orthogonally at two points that lie below
the line y = p. Moreover we will show that the scale A has a limit
as p — 0. We will do the construction in two parts, first by asserting
that we have orthogonality at a single point on the boundary, and then
demonstrating we have a large enough degree of freedom to achieve
orthogonality at a second point on the boundary.

A.1. Orthogonality at a Single Point. We adopt a graph parametri-
sation for 9Q N {(x,y) € R?* | y > 0}, ¢(x) where z € [—1,1]. Pick a
point on 9Q N {(x,y) € R? | y > 0}, say (zo, ®(z0)), such that zy > 0
and ¢'(z9) < 0. Then it is easily verified that A} passes through
(20, ¢(x0)) for any ‘valid” A (the precise meaning of this will be estab-
lished in the next lemma) and for any ¢ < 0 where ¢ is given by

(1) £ =ux9— %cosh1 (e’)‘ztsin()\gb(xo))) :

Thus, we obtain a 2-parameter family of Angenant ovals which pass
through the point (z¢, ¢(zg)). We reduce this to a 1-parameter family,
by enforcing orthogonality at that point.

_ A€
Lemma A.1. For each \ € (¢( Sy ban” 1(¢’(9610))’ 25s ) let A} be the

scaled Angenant oval where

1 205
(2) t= 2 log <Sin2(>\¢(1‘0)) B COS¢E(:CQ?)()§0)))
and
1 _ sin(Ag(zg))
() ¢ =129 — ~cosh™*
o=+ \/sin2()\¢(x0)) — W

Then A} intersects 9 orthogonally at (xo, ¢(x)).

Proof. 1t is easy to verify that (tanh(\(xy—¢)), — cot(Ap(xp))) is normal
to the Angenant oval at (2o, ¢(zo)). Similarly (—¢'(zo), 1) is normal to
0 at (g, ¢(xp)). Hence, we require

tanh(A(xg — €)@ (o) + cot(Ap(z0)) =0
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which, after substituting into , can be solved for t. Substituting this

t back into yields .
In , we need the term inside the log to be strictly positive, i.e.,

cos® (A (xg))

0 < sin®(\ -

sin ( ¢(ZE0)) ¢/($0)2

This tells us A > ﬁ tan™!( (ﬂ ). Similarly, in the expression for &
(3), we need the term in the parenthesm to be greater than one, which
is always true provided \ < m U

Definition A.2. Given xo as in the beginning of the section, and X,
Ai"g as i Lemma define Ai‘o to the be connected component of

AM N Q passing through (o, d(x0)).

A.2. Orthogonality at the Second Point. For each (¢, ¢(zg)) €
0f) as in the beginning of section A.1, we have one parameter family
of Angenant ovals A} which intersect 99 orthogonally at (zo, ¢(z)).
Now, let p > 0. We will now show that we can find zy and A so
that A;}O intersects OS2 orthogonally at two points and lies in the strip
{(z,y) | 0 <y < p}. We first show a preliminary lemma.

Lemma A.3. Let p be such that the line y = p intersects 0) at two
points. Then there exists a point xo with ¢(xo) < p and ¢'(x¢) < 0, and
such that the following holds: A)‘ with A := ﬂp, as in[A.9, intersects
0 at (xg, p(x0)) orthogonally, cmd further, intersects 0 at a second
point (Z,p), where ¢'(Z) > 0.

7T

Proof. By assumption, the line y = p = X intersects 0f) at a point
(21, p) where ¢/(z1) < 0. Then for zy > x, ¢(;E0) = pand so 2¢($ 7>

from which the previous lemma implies A;}O is well-defined. Recall that
A;‘O is part of a scaled Angenent oval (as in Definition i and the
point on this Angenent oval with outward pointing unit normal equal
to —e; has y-coordinate equal to p and x-coordinate given by

—1 1
&= —cosh™! > ) +£.
A (sinz()\gb(xo)) — e (eo))

As zqg — 1, £ — —oo. Additionally, one can check (by replacing £ from
LemmalA.1)), as ¢ \, x1, T — . Therefore, by the intermediate value
theorem, we can find an xy satisfying the consequent of the lemma. [J

Lemma A.4. For any p > 0, we can find xy and X,, as in Lemma[A.]]

so that ¢(xy) < p and Ai‘g intersects OS2 orthogonally at two points and
lies in the strip {(z,y) | 0 <y < p}.
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Proof. Given p, fix x¢ as given in Lemmal[A.3] Then, the angle between

the tangent vectors of A2, and 0Q at (i, ¢(1)) is less than 7/2. Keeping
¢ fixed, we consider now A2 as in Definition and we claim that

there exists a A, such that A?;g intersects € orthogonally (at both
points). By continuity, it suffices to show that there exists a A such that
the angle between the tangent vectors of A) , and 982 at the second point
of intersection is less than /2. We do this by showing, in the following
claim, that there exists A for which the corresponding ¢ (determined

in the definition for A} in Lemma [A.1)) is equal to —1.

Claim A.5. There exists A € (@ tan_l(ﬁ;o)), m) such that § =
—1.
Proof. £ = —1 means we are trying to solve
1 in(A
To — X COShi1 SlIl( (b(xo)) = —1’

/st (A () — <500l
which after rearranging becomes
¢ (20)? tanh? (A(zg 4 1)) = cot>(Ao(z0)).
Define a function
F(N) == ¢/ (w0)* tanh® (A(zg + 1)) — cot?(Ad(z0)).

_ 1 —1(_—1
If A = g0 tan ((z),(gm))7 then

fN) = ¢/ (w0)? (tanhZ()\(xo +1)) — 1) < 0.
On the other hand, if A\ = m
\) = & (10)? tanh?(—
this proves the claim. O

O

(zo +1)) >0,

A.3. Calculating the asymptotic behavior of )\, (as in Lemma
A.4)) as p — 0. Now that we have justified the construction of the
shifted and scaled Angenent oval which intersects 02 orthogonally be-
low the horizontal line y = p (Lemma [A.4)), we will show that its scale
factor A\,, as p — 0, does have a limit, which we will call A\y. To
do this, we consider a sequence p; tending to 0, and for each p; we
considered the corresponding A;c\ as constructed in Lemma E We
first show that liminf;_,., A; and limsup, . A; are bounded below and
above respectively.
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Lemma A.6. We have

max{s(e1), K%(—e1)} < liminf \; < limsup \; < o,
=00 i—00

where o solves the equation o tanh o = max{x®(e;), k% (—e;)}.

Proof. Consider a sequence p; | 0 and the corresponding A;}@ as con-
structed in Lemma [A.4 Recall that

1
o(z:) ¢'(x:)
Note that z; — 1, as i — 0o, which gives liminf;_ ., A\; > £%(e1), and
since we could have done the entire construction in the previous section
by considering x; so that ¢'(z;) > 0, the lower bound follows. We also
note that, the above freedom to choose “side” for z;, allows us to
assume without loss of generality that k(e;) > k(—e;) and, moreover,
in the case of equality the following picture holds: If we denote by R
the reflection about the y-axis, then R(OQN{z > 0,0 <y < p;}) lies
inside Q for all p; sufficiently close to 0.

Consider now an Angenent oval A7’ as in Lemma (see also Def-
inition which is not shifted, that is

>\i > tanfl(

).

(4) & =x; — Uicosh_1 <e"’z‘2t sin(a@(:ﬁi))) = 0.
Then, AJ' intersects R(OQ2 N {z > 0,0 < y < p;}) orthogonally, and
thus 0Q N {x < 0} at an acute angle (as per defintion [2.1] see figure
and Remark . Following the construction in Lemma [A.4] we point
out that as the shift £ decreases, the scale A also decreases, and so by
decreasing £ towards —1 (when the angle becomes obtuse), we can infer
that \; < 0;. Therefore limsup, , . A; < 0 = lim; ,, 0;. To calculate
o, note that can be written as

1

_ cot?(gip(zi))
\/1 ¢ (x:)?

After taking the limit as x; — 1, this becomes

cosh(o;z;) =

cosh(o) = ———,

which rearranges to
otanho = £%(ey).
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A

R(OQ N{x>0,0<y<p;})

FIGURE 3. AZ! intersects 0€) at an acute angle.

Lemma implies there exists a subsequence p;;, for which the
corresponding \;; converges, as j — 00, to some g € (0,00). We will
show that Ag is independent of the sequence p;. This then implies that
the scale A has a limit as p — 0.

Ais . .
First note that the shifts &;,; of Ami;, as in in Lemma |A.1} also
have a limit, which we call £ and satisfies

1 1
=1—-— COShi1 —_—
50 )\0 1 _ NQ(el)Q
Y

Ais . . . N
Recall that if A;; intersects 9 at a point (&, ¢(2)) € 9 orthogonally
(here # is either x;; or the corresponding z-coordinate of the point on

0N Arl, (&, 6(2)) with ¢'(&) > 0), then
tanh()\ij (z — fij))qb'(f) + Cot()\ijgb(:i“)) =0,
which can be written as

tanh(\; (7 — &) = —%
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Taking the limit as j — oo and noting that £ — 1 or 2 — —1 we

obtain
tanh(M\o(1 — &) = k%(e1)
(5) {tanh()\o(—l — &) = —rK%—e).

The system can be reduced (by using the addition formula for the
hyperbolic tangent) to

A2 — No(K%(er) + k% (—e1)) coth 20 + 5% (e1 )&% (—ey) = 0,

which, since \g > £%(e;), K%(—e;), determines A\ uniquely.
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