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Abstract. We classify convex ancient curve shortening flows with
free boundary on general bounded convex domains.
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1. Introduction

A smooth one-parameter family of immersions X : M1× [0, T ) → R2

is said to evolve via curve shortening flow if it satisfies

(1) ∂tX(u, t) = κ⃗

where κ⃗(u, t) is the curvature vector of Γt := X(M1, t). It was shown
by Gage and Hamilton [GH86] that, given any compact, convex, em-
bedded initial condition Γ0, there exists a solution to (1), which exists
on a maximal time interval, and further, Grayson extended this result
for an arbitrary embedded closed curve. A solution to curve shortening
flow is called ancient if it exists on some time interval which contains
an interval of the form (−∞, a] for some a < ∞, which by time trans-
lation we can take to be 0. Examples of ancient solutions include the
stationary line, the shrinking circle, the Angenent oval and the grim
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reaper. The free boundary curve shortening flow is the following Neu-
mann problem:

(2)


∂tX(u, t) = κ⃗ on

◦
M1

Xt(∂M1) ⊂ ∂Ω

⟨ν, νΩ ◦X⟩ = 0 on ∂M1,

where Ω ⊂ R2 is some closed and connected domain with boundary ∂Ω.
That is, the endpoints of the family Γt remain orthogonal to a fixed
supporting curve ∂Ω. It has been shown that convex curves which lie
inside a convex domain, with free boundary with respect to ∂Ω, remain
convex with respect to the free boundary curve shortening flow and
moreover, shrink to a point on the boundary curve [Sta96a, Sta96b].
Very recently, Langford and Zhu [LZ23] proved a Grayson-type theorem
in the free boundary case, by proving that embedded curves converge
in infinite time to a (unique) “critical chord”, or contract in finite time
to a “round half-point” on ∂Ω. The classification of convex ancient
solutions to the free boundary curve shortening flow was initiated by
the first named author and Langford [BL], who proved that, up to
rotation, there is a unique solution to this problem on the disk. In this
paper we will expand those methods in order to produce the following
analogous result on strictly convex domains of R2. In this more general
setting, we can no longer rely on the existence of certain symmetries
of our free boundary curve, and so the barrier method used in [BL]
needs to be treated with more care. Similarly, in order to achieve
boundary height estimates, we use a Taylor expansion argument on
the free boundary curve, contrast to what was done in the case of a
a disc, in which the relation |κs| = κ is used at the boundary of the
solution. With these adapted techniques, we are able to prove the
following theorem:

Theorem 1.1. Let Ω be a convex domain in R2 with smooth boundary.
Then, modulo time translation, for each diameter of Ω, there exist
precisely two convex, locally uniformly convex, ancient solutions to the
free boundary curve shortening flow in Ω, one lying on each side of
the diameter. By a diameter, we mean a line segment intersecting ∂Ω
orthogonally.

Acknowledgements

The first and second named authors were supported by grant DMS-
2105026 of the National Science Foundation.



CLASSIFICATION OF CONVEX, ANCIENT, FREE BOUNDARY CSF 3

The authors would like to thank Mat Langford for useful conversa-
tions on the topic.

2. Existence

In this section we will provide an explicit construction of a non-trivial
ancient solution to the free boundary curve shortening flow emanating
from a diameter of a convex domain. In the ensuing discussion, we shall
let Ω be a strictly convex domain in R2 with smooth boundary and
consider a diameter of Ω, D, that is, a line segment which intersects
∂Ω orthogonally. Note that such a diameter always exists; consider
the segment which maximises the Euclidean distance amongst pairs
of points on ∂Ω. By scaling, translating and rotating, we may and
henceforward will assume that D lies on the x-axis with endpoints
±e1.

2.1. Barriers. We parameterise ∂Ω via the turning angle

(3) Φ : [−π
2
, 3π

2
] → R2

so that the tangent and outward unit normal to ∂Ω at Φ(ω) are given
by τΩ(ω) = (cosω, sinω) and νΩ(ω) = (sinω,− cosω). Notice that
with this parameterisation and under our assumption on the diameter
D, Φ(±π

2
) = ±e1. Define C

±
r to be two circles of radius r that lie inside

Ω and are tangent to ∂Ω at the points ±e1 respectively, which we can
always do since the boundary is smooth (see Figure 2). Moreover, we
choose r to satisfy

(4) 4r ≤ κΩ(ω) ≤ 1

4r

for all ω, the reason for which will be made apparent later.

Definition 2.1. Let Γ be a convex curve intersecting a circle C at a
point p, and consider the radial segment R passing through p and the
centre of C. We shall say that Γ intersects C at an acute angle at p,
if the tangent to Γ at p locally separates Γ and R inside C.

Next we show that convex curves in Ω intersecting the boundary
orthogonally near D with y > 0 intersect C±

r in acute angles. This will
enable us to create upper barriers for a solution of (2).

Lemma 2.2. Let Γ be a convex curve inside Ω which intersects the
boundary orthogonally at two points in {r > y > 0}. Then Γ intersects
C−

r (resp. C+
r ) transversally at two points, and at the intersection point

p with the smallest (resp. larger) x-coordinate, Γ intersects C−
r (resp.

C+
r ) at an acute angle.
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Proof. We prove the lemma for C−
r , as the proof for C+

r is similar.
Consider a parametrisation of C−

r by turning angle

C : [−π
2
, 3π

2
] → R2 .

For any θ0 ∈ (π, 3π
2
), using the fact that C(3π

2
) = Φ(3π

2
) = −e1, we

have

⟨e1,Φ(θ0)⟩ − ⟨e1, C(θ0)⟩ =
∫ θ0

3π
2

⟨e1,Φ′(θ)− C ′(θ)⟩dθ

=

∫ θ0

3π
2

cos θ

(
1

κ(θ)
− r

)
dθ ≥ 0 ,

(5)

with the last inequality being true because of (4).
Since Γ is convex, we can parametrise it by turning angle, γ := γ(θ),

and since Γ ∩ ∂Ω ⊂ {y > 0}, we can assume that there exists a point
x ∈ Γ so that x = γ(0). Let p0 = γ(ω0) and p1 = γ(ω1) be the points
of intersection of Γ with ∂Ω and C−

r respectively with the smaller x-
coordinates. Denoting by θ1 ∈ (π

2
, 3π

2
) the angle for which p1 = C(θ1),

the lemma is equivalent to showing that

(6) (cos θ1, sin θ1) · (cosω1, sinω1) < 0 ,

that is, the tangent vectors of Γ and C−
r at p1 form an angle that is

bigger than π
2
.

Let θ0 ∈ (π, 3π
2
) be such that Φ(θ0) = p0. Then

(cosω0, sinω0) = (sin θ0,− cos θ0) ,

and therefore, θ0 = ω0 +
3π
2
. Consider the tangent to Γ at p0 and let

p2 be the point of intersection of this tangent and C−
r with the smaller

x-coordinate. Let θ2 ∈ (π
2
, 3π

2
) be such that p2 = C(θ2). Then, using

the convexity of Γ we have that

⟨p0, e1⟩ < ⟨p2, e1⟩ < ⟨p1, e1⟩

and thus, using (5), we obtain θ0 > θ2 > θ1. Now, since θ1 > θ0, by
convexity of Γ, we have

ω1 +
3π
2
> θ1 .

Recalling the domains of definition for ω1 and θ1, this implies (6). □

Remark 2.3. It should be noted here (as it will be useful later) that
the proof of Lemma 2.2 does not require that the curvature of C−

r is
constant but merely that the minimum curvature of C−

r is bigger than
the maximum of ∂Ω around the point of contact.
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r
Γ

∂Ω

C−
r

Figure 1. Γ intersects C−
r at an Acute Angle.

With all this in mind, we are ready to construct upper barriers for
solutions to the free boundary curve shortening flow in Ω. Consider
the arcs

Kω := {(x, y) ∈ B1 : x2 + (cscω − y)2 = cot2 ω}, ω ∈ (0, π
2
)

which intersect S1 orthogonally at the points (± cosω, sinω). In [BL],
it was observed that if we set ω(t) = arcsin e2t, t ∈ (−∞, 0), then the
inward normal speed of Kω(t) is no less than its curvature. By scaling
and translating we see that the same is true for

K±
t := rKω(r−2t) ± (1− r)e1,

which are now families of curves that intersect C±
r orthogonally. Define

the curves

(7) Kt := K+
t ∪ Lt ∪K−

t

where Lt is the line joining the point K−
t ∩ C−

r with the larger x-
coordinate to the point of K+

t ∩C+
r with the smaller x-coordinate (see

Figure 2). The maximum principle along with Lemma 2.2 gives us the
following:

Proposition 2.4. A convex solution to the free boundary curve short-
ening flow in Ω which lies below Kt̂ and a time t0 for some t̂ ∈ (−∞, 0)
must lie below Kt̂+t−t0

for all t > t0 such that t− t0 + t̂ < 0.

2.2. Old-but-not-ancient solutions. For each ρ > 0, choose a smooth
curve Γρ in Ω with the following properties:

(a) Γρ ⊂ Ω ∩ {(x, y) ∈ R2 | y > 0}.
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x

∂Ω

y

C−
r C+

r

(0, 0) (1, 0)(−1, 0)

K−
t K+

t

Lt

Figure 2. The Curves Kt = K+
t ∪ Lt ∪K−

t

in Ω.

(b) Γρ meets ∂Ω orthogonally and lies below the line y = ρ.
(c) Γρ∩Ω is the relative boundary of a convex region Ωρ ⊂ Ω∩{y >

0}.
(d) The curvature κρ of Γρ has a unique critical point at which κρ

is minimised.

Such a curve always exists. In particular we have the following.

Lemma 2.5. Define the scaled and horizontally shifted Angenent oval

A
λρ,ξρ
tρ := {(x, y) ∈ Ω | sin(λρy) = eλ

2
ρtρ cosh(λρ(x− ξρ))}.

Then, for all ρ < r, there exist λρ, ξρ and tρ such that the curve Γρ :=

A
λρ,ξρ
tρ satisfies (a)-(d). Moreover, as ρ → 0, λρ → λ0, where λ0 is

defined to be the solution of

λ2 − λ(κΩ(e1) + κΩ(−e1)) coth(2λ) + κ(e1)κ
Ω(−e1) = 0,

which satisfies λ > max{κΩ(e1), κ
Ω(−e1)}. Additionally, ξρ → ξ0 where

ξ0 = 1− 1

λ0

cosh−1

 1√
1− κΩ(e1)2

λ2
0

 .

The proof of the existence of such A
λρ,ξρ
tρ and properties thereof can

be found in the appendix.
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The idea to construct an ancient solution is to take subsequential limits
of the flows coming out of the curves Γρ, as defined in Lemma 2.5, as
ρ → 0.

Lemma 2.6. For each Γρ, with ρ sufficiently small, there exists a Ktρ

as defined by (7), such that Ktρ lies above Γρ and tρ → −∞ as ρ → 0.

Proof. Given ρ < r, we can pick Ktρ so that it is tangent to the line
y = ρ at two points. It follows that Ktρ lies above Γρ. As ρ → 0,

ω(r−2tρ) = arcsin(e2(r
−2tρ)) → 0 which implies tρ → −∞. □

The work of Stahl [Sta96a, Sta96b], now yields the following old-but-
not-ancient solutions.

Lemma 2.7. For each ρ > 0, there exists a solution to the free bound-
ary curve shortening flow {Γρ

t}t∈[αρ,0) with Γρ
αρ

= Γρ. Furthermore, this
solution satisfies the following:

(1) Γρ
t is convex and locally uniformly convex for each t ∈ (αρ, 0).

(2) The curvature κρ of Γρ
t has only one critical point at which κρ

has a minimum.
(3) αρ → −∞ as ρ → 0.

Proof. Existence of a maximal solution to curve shortening flow out of
Γρ which meets ∂Ω orthogonally was proven by Stahl [Sta96a, Sta96b],
similarly it was shown there that the solution remains convex, locally
uniformly convex and shrinks to a point on the boundary at the fi-
nal time. We obtain our solution {Γρ

t}t∈[αρ,0) via time translation. By
[Sta96a], we know that at a boundary point |κρ

s| = κρκΩ and so an
application of Sturm’s theorem [Ang88] to κρ

s proves (2). Finally prop-
erty (3) is an immediate consequence to Lemma 2.6 and Proposition
2.4. □

Next, we wish to show that we can obtain estimates for the curvature
and its derivatives for the the flows {Γρ

t}t∈[αρ,0) which are uniform in ρ.
In the following, we fix ρ > 0, drop the super/sub-script ρ and fix the
following notation;

(8) κ(t) := min
Γt

κ = κ(p(t))

and

(9) {q±(t)} = ∂Ω ∩ Γt

with x(q−) < x(q+). We define θ± ∈ (0, π) to be such that if we
parameterise Γt via the turning angle, γt = γt(θ), as described for Φ
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in the beginning of subsection 2.1, then the domain of γt is [−θ−, θ+].
Finally, we will write

κ+(t) := κ(q+(t)), κ−(t) := κ(q−(t)).

Lemma 2.8. For any old-but-not-ancient solution, with ρ sufficiently

small, there exists a constant C such that for all t < −2|Ω|
π
,

sin

(
θ+(t) + θ−(t)

2

)
≤ Cert

where r is defined as in (4).

Proof. We use the parametrisation of Γt by turning angle

γt : [−θ−, θ+] → Ω,

so that the unit tangent vector to the curve at γt(θ) is given by τt(θ) =
(cos θ, sin θ). Let θ := θ(t) be such that γ(θ(t)) = p(t). Since Γt is
convex, we have

2 ≥ ⟨q+ − p, e1⟩ =
∫ θ+

θ

cosu

κ(u)
du ≥ 1

κ+

∫ θ+

θ

(cosu)du =
sin θ+ − sin θ

κ+

and similarly

2 ≥ ⟨p− q−, e1⟩ =
∫ θ

−θ−

cosu

κ(u)
du ≥ 1

κ−

∫ θ

−θ−

(cosu)du =
sin θ + sin θ−

κ−
,

which yields

κ+ + κ− ≥ sin θ+ + sin θ−
2

.

At the boundary |κs| = κκΩ, and so

dθ+
dt

= κ+κ
Ω,

dθ−
dt

= κ−κ
Ω,

therefore,

d(θ+ + θ−)

dt
≥ 4r(κ+ + κ−) ≥ 2r(sin θ+ + sin θ−)

= 4r tan
(

θ++θ−
2

)
cos
(

θ++θ−
2

)
cos
(

θ+−θ−
2

)
.

Consider the time t0 for which

(10) θ+(t) + θ−(t) =
π

2
.

Note that by considering ρ sufficiently small, we can ensure that such
a t0 ≥ αρ exists. Thus for any t < t0 we have

d(θ+ + θ−)

dt
≥ 2r tan

(
θ+ + θ−

2

)
,
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which, after integrating from t to t0, yields

sin

(
θ+ + θ−

2

)
≤ Cert.

Finally, to bound t0, by monotonicity of θ±(t), we have

θ+(t) + θ−(t) ≥
π

2

for all t ≥ t0. Define A(t) to be the area of the convex region enclosed
by Γt and ∂Ω. Since

−dA

dt
= θ+(t) + θ−(t),

integrating from t0 to 0 gives us

A(t0) ≥ −π

2
t0,

and since A(t0) ≤ |Ω|, we obtain −t0 ≤ 2|Ω|
π
. □

Remark 2.9. We remark here, as it will be used later, that we can
also find an upper bound for t0, the first time satisfying (10). Indeed,
consider a continuous function h : [0, π

2
] → R≥0 sending θ to the area of

the convex region enclosed by ∂Ω and the line segment joining points
pθ = Φ(π

2
+ θ), qθ = Φ(π+ θ) ∈ ∂Ω, where Φ(θ) is the angle parametri-

sation defined in (3). By smoothness of the boundary, h(θ) is continu-
ous, and h(θ) > 0. By compactness of Ω, infθ∈[0,π

2
] h(θ) > 0. Convexity

of {Γt}t∈[αρ,0) implies that A(t0) ≥ infθ∈[0,π
2
] h(θ), independent of αρ.

Thus, by using the fact that

−dA

dt
= θ+(t) + θ−(t) ≤ π

for all t < 0, integrating from t0 to 0 and using the fact that A(t0) ≥
infθ∈[0,π

2
] h(θ), gives the upper bound for t0.

With Lemma 2.8, we can obtain uniform estimates which yield the
following.

Proposition 2.10. For any diameter D of Ω, there exist two convex,
locally uniformly convex, ancient solutions to the free boundary curve
shortening flow in Ω, one lying on each side of the diameter. As t →
−∞ both of these solutions converge to D.

Proof. For each ρ sufficiently small, consider the old-but-not-ancient
solution {Γρ

t}t∈[αρ,0) as constructed in Lemma 2.7. If we represent Γρ
t

as a graph over the x-axis; x 7→ yρ(x, t), then convexity and Lemma 2.8
implies that |yρx| = | tan θ| can be bounded uniformly in ρ, which in turn
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implies the gradient of this graph representation is uniformly bounded
in ρ. Therefore, Stahl’s (global in space, interior in time) Ecker-Huisken
type estimates [Sta96a] imply uniform-in-ρ bounds for the curvature
and its derivatives. Therefore, the limit

{Γρ
t}t∈[αρ,0) → {Γt}t∈(−∞,0)

exists in the smooth topology (globally in space on compact subsets
of time), and the limit satisfies the curve shortening flow with free
boundary in Ω. By our uniform bounds on t0 in Remark 2.9, it is
easily verified that this limit is not the trivial solution. Since each Γt

is the limit of convex boundaries, we conclude that the limit is also
convex at each time-slice, and, by [Sta96b, Corollary 4.5], Γt is also
locally uniformly convex for all t. The second solution is achieved by
repeating the construction in Ω ∩ {y < 0}. □

3. Asymptotics for the Height

In this section, we fix the ancient solution, {Γt}t∈(−∞,0), that we have
constructed in Lemma 2.10 as a limit of old-but-not-ancient solutions
{Γρ

t}t∈[−αρ,0) with initial condition Γρ
αρ

= Γρ as defined in Lemma 2.5.

We shall aim to show that as a graph, limt→−∞ e−λ2
0ty(x, t) exists in

(0,∞) for all x ∈ (−1, 1). This asymptotic behaviour will be used to
show uniqueness in the next section. The argument presented in this
section follows the general idea of that in [BL, Section 2.4]. However,
in this case we have to account for the lack of symmetry. For instance,
the point for which the minimum curvature occurs for some time-slice
of our constructed solution need not occur on the y-axis. Moreover,
the boundary maximum principles become more complicated as the
relation κs = κ is no longer valid. In order to deal with the fact
that ∂Ω doesn’t have constant curvature, we use a Taylor expansion
argument around D.

Lemma 3.1. For all sufficiently negative time,

|⟨γ, ν⟩| ≤ Λκ

for some positive constant Λ > 0.

Proof. Note that lim
t→−∞

⟨γ, ν⟩ − Λκ = 0. Assume there is a first space-

time for which this is equal to some positive number ϵ. If this point
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occurs on the interior, then we would have

0 ≤ (∂t −∆)(⟨γ, ν⟩ − Λκ) = κ2⟨γ, ν⟩ − 2κ− Λκ3

= −2κ+ κ2(⟨γ, ν⟩ − Λκ)

= κ(−2 + ϵκ) < 0

where we have estimated κ, ϵ < 1, which is absurd. On the (right)
boundary

(⟨γ, ν⟩ − Λκ)s = κ(⟨γ, τ⟩ − ΛκΩ) < 0,

where we adjust Λ if needed (the computation at the left boundary
point is analogous). The Hopf-boundary point lemma then implies
that such a point cannot occur on the boundary. Taking ϵ → 0 proves
the result. □

Next we will prove curvature estimates, which will allow us to obtain
estimates of the height function. As introduced in Section 2, we will
use the notation κ±, θ±, but now for the ancient solution {Γt}t∈(−∞,0)

instead of the old-but-not-ancient solutions {Γρ
t}t∈[αρ,0). Similarly, we

define κ = max{κ+, κ−}.

Lemma 3.2. There exists a constant C, so that for sufficiently negative
time,

κ ≤ Cert,

where r is defined in (4).

Proof. Let t < 0, and let q+, q− and p be defined by (8) and (9). Then,

⟨q+ − p, e1⟩ =
∫ θ+

θ

cos(u)

κ
du ≤ sin θ+ − sin θ

κ

and

⟨p− q−, e1⟩ =
∫ θ

−θ−

cos(u)

κ
du ≤ sin θ + sin θ−

κ
.

After adding these inequalities, we obtain

κ ≤ sin θ+ + sin θ−
⟨q+ − q−, e1⟩

≤ C sin

(
θ+ + θ−

2

)
for sufficiently negative time. The result then follows from Lemma 2.8.

□

Lemma 3.2 allows us to obtain the following sharper estimates.

Lemma 3.3. There exist constants C1, C2 so that for sufficiently neg-
ative time

κ ≤ C1e
rt
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and

|κs| ≤ C2κ,

where r is as defined in (4).

Proof. First note that the first inequality follows from the second; if
|κs| ≤ C2κ, then (log κ)s ≤ C2. By integrating from the point of
minimum curvature to the point of maximum curvature and noting
that Length(Γt) ≤ 2, we have for small enough t

2C2 ≥ log
κ

κ
,

which implies κ ≤ e2C2κ. The first inequality then follows from Lemma 3.2.
For the second inequality, by Lemma 3.1, it suffices to show that
|κs| − Cκ + ⟨γ, ν⟩ ≤ 0 for some constant C. For each 0 < ε ≤ 1,
define a function

fε = |κs| − Cκ+ ⟨γ, ν⟩ − ε(et + 1).

Clearly limt→−∞ fε = −ε < 0. We will show that for sufficiently nega-
tive times, independent of ε, fε remains negative. First of all, we can
ensure that fε < 0 at the boundary, since, by using Lemma 3.1,

fε ≤ κκΩ − Cκ+ ⟨γ, ν⟩
≤ κ(κΩ − C + Λ),

and so we can pick C to ensure that fε is always negative on the
boundary, and we also ensure that 3C + Λ > 1. Now assume there
exists a first time at which fε = 0 at some point. Such a point must
be in the interior and moreover, since C > Λ, at that point we must
have κs ̸= 0 and without loss of generality we assume κs > 0. If we
denote by TC the time for which κ < 1

2(3C+Λ)
for all t < TC , then for

all t < TC , at the first point for which fε = 0, we have

0 ≤ (∂t −∆)fε

≤ 4κ2κs − Cκ3 + κ2⟨γ, ν⟩ − 2κ− εet

≤ 4κ2(Cκ− ⟨γ, ν⟩+ ε(et + 1))− Cκ3 + κ2⟨γ, ν⟩ − 2κ− εet

= 3Cκ3 + 4κ2ε+ (4κ2 − 1)εet − 3κ2⟨γ, ν⟩ − 2κ

≤ (3C + Λ)κ3 + 4κ2 + (4κ2 − 1)εet − 2κ

< 0

for sufficiently negative time, where we have used used the Lemma 3.1
in the penultimate inequality above. This is a contradiction which
completes the proof. □
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Remark 3.4. Notice that proof of Lemmas 3.1, 3.2 and 3.3 did not
depend on the solution constructed in Lemma 2.10 and are therefore
true for any ancient solution to the free boundary curve shortening
flow in Ω.

With these curvature estimates in mind, we are ready to prove the
following height estimates. These height estimates do depend on the
particular ancient solution constructed in Lemma 2.10.

Lemma 3.5. There are positive constants n and n̂, depending only
on the boundary curve Ω such that the ancient solution {Γt}t∈(−∞,0)

satisfies
κ

y
eny ≥ λ2

0 − n̂ert

for sufficiently negative time.

Proof. We will prove that κ
y
eny ≥ λ2− n̂ert on each old-but-not-ancient

solution {Γλ
t }t∈(αλ

t ,0)
for λ sufficiently close to λ0. Indeed, on the initial

curve we have
κ

y
eny ≥ λ2 cos θ ≥ λ2(1− sin2 θ) ≥ λ2 − Ce2rt,

where we have used Lemma 2.8 in the last inequality. Thus, the bound
is always true at the initial curve, for sufficiently large −αλ

t , provided
n̂ ≥ C. We will now show that the bound remains true during the flow
for at least a small period of time independent of λ. Presume there is
a first time in which κ

y
eny + nert = λ2. If such a point were to occur in

the interior, then (
κ

y
eny
)

s

= 0,

which means
(κeny)y2s

y3
=

(κeny)sys
y2

at such a point. Therefore

0 ≥ (∂t −∆)

(
κ

y
eny + n̂ert

)
=

1

y
(∂t −∆) (κeny) + n̂rert

≥ λ2n
(
−n sin2 θ − 2

κs

κ
sin θ

)
+ n̂rert

≥ λ2n(−n sin2 θ − 2C2 sin θ) + n̂rert
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for sufficiently negative time, where we have used Lemma 3.3 in the
last inequality. Using Lemma 2.8, we can estimate sin θ ≤ Cert and so

0 ≥ (∂t −∆)

(
κ

y
eny + n̂ert

)
≥ λ2nert

(
n̂r

λ2n
− 2C2C − nC2ert

)
,

which can be made positive for sufficiently negative time, provided we
adjust n̂ so that n̂r > 2C2Cλ2n. This is a contradiction and so the
first time in which κ

y
eny + n̂ert = λ2 cannot happen in the interior.

Similarly, if we presume that this minimum occurs at the right-most
boundary point, then the Hopf boundary point lemma implies

(11) 0 >

(
κ

y
eny + n̂ert

)
s

=
κ

y
eny
(
κΩ − sin θ

y
+ n sin θ

)
.

However, we claim the right-hand side can be made positive by choosing
n sufficiently large. Indeed, by considering angle parametrisation Φ(θ)
as defined by (3), and the Taylor expansion of the height function on
the boundary curve, ⟨Φ(π

2
+ θ), e2⟩, around θ = 0, with respect to θ,

we obtain

y(θ) =
θ

κΩ
+

+O(θ2)

from which, it follows

κΩ − sin θ

y
≥ −C sin θ

for some constant C. Therefore,

0 >

(
κ

y
eny + nect

)
s

=
κ

y
eny
(
κΩ − sin θ

y
+ n sin θ

)
≥ 0,

so by choosing n > C, and the claim follows. The same argument after
reflecting about the y-axis demonstrates that this minimum cannot
occur at the left-most boundary point either. This completes the proof.

□

Lemma 3.6. There exists a positive constant m depending only on the
boundary curve Ω such that the ancient solution {Γt}t∈(−∞,0) satisfies

κ

y
e−ny ≤ λ2

0 +mert
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for sufficiently negative time.

Proof. We will prove the result on each old-but-not-ancient solution
{Γλ

t }t∈(αλ
t ,0)

where λ is sufficiently close to λ0. For sufficiently negative
time we have

(∂t −∆)

(
κ

y
e−ny

)
≤ 1

y

(
κ3e−ny + 2κsn sin θe−ny

)
+ 2

〈
∇
(
κ

y
e−ny

)
,
∇y

y

〉
≤ C(κ2 + sin θ)

(
κ

y
e−ny

)
+ 2

〈
∇
(
κ

y
e−ny

)
,
∇y

y

〉
≤ Cert

(
κ

y
e−ny

)
+ 2

〈
∇
(
κ

y
e−ny

)
,
∇y

y

〉
,

where we have used Lemma 3.3 in the last inequality. At the boundary,
we have (

κ

y
e−ny

)
s

≤ κ

y
e−ny

(
κΩ − sin θ

y
− n sin θ

)
which is negative by our choice of n in the Lemma 3.5. Hence the Hopf
boundary point lemma and the ODE comparison principle imply

max
Γt

κ

y
e−ny ≤ Cmax

Γαt

κ

y
e−ny.

But now,

(∂t −∆)

(
κ

y
e−ny

)
≤ Certmax

Γαt

κ

y
e−ny + 2

〈
∇
(
κ

y
e−ny

)
,
∇y

y

〉
,

which by the ODE comparison principle again, implies

max
Γt

κ

y
e−ny ≤ (1 + Cert)max

Γαt

κ

y
e−ny.

Since on the initial time-slice Γat = Aλ,ξ
t ,

κ

y
e−ny =

λ tan(λy)

y
cos θe−ny,

the claim follows by letting λ → λ0. □

We are now able to prove the major result of this section.

Proposition 3.7. If we parameterise Γt as a graph over the x-axis,
then the limit

A(x) := lim
t→−∞

e−λ2
0ty(x, t)

exists in (0,∞) for all x ∈ (−1, 1) on the constructed ancient solution.
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Proof. First we show that

(12) e−λ2
0ty(x, t) < C

for some constant C and for all t small enough. By Lemma 3.5, for
sufficiently negative time,

(log y(t)− λ2
0t)t =

κ

y cos θ
− λ2

0

≥ (e−ny − 1)λ2
0 − n̂ert.

We claim that there exists a positive constant a such that

f(y, t) := 1− aert − e−ny ≤ 0

for all t sufficiently negative. Indeed limt→−∞ f = 0, and for sufficiently
negative time,

ft = −arert +
nκ

cos θ
e−ny

≤ −arert + 2nCert,

where we have used Lemma 3.3 and have estimated sec θ < 2. Thus,
we can pick a so that there exists a T < 0 so that for any t < T , we
have ft ≤ 0. This proves the claim, and so

(log y(t)− λ2
0t)t ≥ −(aλ2

0 + n̂)ert.

Integrating from t to T proves that log y(t)−λ2
0t is uniformly bounded

from above for all t < T , hence (12) is true for all t sufficiently small.
Now we will prove

(13) e−λ2
0ty(x, t) > C̃

for some constant C̃ > 0 and for all t small enough. By Lemma 3.6,
for sufficiently negative time,

(log y(t)− λ2
0t)t =

κ

y cos θ
− λ2

0

≤ (
eny

cos θ
− 1)λ2

0 + 4mert.

Similar to before, we claim that there is a positive constant b such that

g := 1 + bert − eny

cos θ
≥ 0

for all t sufficiently negative. Indeed, limt→−∞ g = 0 and, for sufficiently
negative time,

gt = −enynκ

cos2 θ
− enyθt sin θ

cos2 θ
+ brert

≥ −8nC1e
rt − 16Cert + brert,
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where we have used Lemma 2.8, Lemma 3.3 and have used the estimates
− 1

cos θ
> −2, −eny > −2 and −θt ≥ −2. Thus, we can pick b > 0 so

that there exists T < 0 so that for any t < T , gt ≥ 0. This proves the
claim, and so

(log y(t)− λ2
0t)t ≤ (bλ2

0 + 4m)ert.

Integrating from t to T proves that log y(t)−λ2
0t is bounded from below

for all t < T , hence (13) is true for all t sufficiently small. Now, we show
that the limit exists, from which, our uniform bounds above imply the
result. By a direct calculation

d

dt

(
e−λ2

0ty(x, t)
)
=

(
κ

y cos θ
− λ2

0

)
ye−λ2

0t

≥ C̃
(
(e−ny − 1)λ2

0 − n̂ert
)

≥ C̃
(
−aλ2

0 − n̂
)
ert,

where we have used (13) and Lemma 3.5. Therefore, we conclude that

lim
t→−∞

e−λ2
0ty(x, t)

exists in (0,∞). □

4. Uniqueness

Let {Γt}t∈(−∞,0) by any convex, locally uniformly convex ancient
solution to the free boundary curve shortening flow in Ω. We may
assume by Stahl’s theorem [Sta96b] that Γt contracts to a point on the
boundary ∂Ω as t → 0.

Lemma 4.1. Γt converges in C∞ to a diameter as t → −∞.

Proof. The proof of this is the same as that shown in [BL, Lemma 3.1],
mutatis mutandis. □

Therefore, by scaling and translating, we may assume without loss
of generality that the backwards limit is D = [−1, 1] as assumed thus
far.

Lemma 4.2. There exists a constant C such that for sufficiently neg-
ative time

κ ≤ Cκ

on the ancient solution Γt.

Proof. The proof of this is identical to that in Lemma 3.3 as per Re-
mark 3.4. □
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Lemma 4.3. If we parameterise Γt as a graph over the x-axis, then
there is a constant C such that

sup
x∈(−1,1)

(
lim sup
t→−∞

e−λ2
0ty(x, t)

)
< C,

Proof. Denote by {Γ̂t}t∈(−∞,0) the solution constructed in Lemma 2.10.

Then for all sufficiently negative time, Γt ∩ Γ̂t ̸= ∅. Indeed, if this were
not true, then they would be disjoint for all times and therefore have to
contract to the same point on the boundary at t = 0, which contradicts
the avoidance principle. Therefore, for any t sufficiently negative, there
exists an x0 ∈ (−1, 1) such that y(x0, t) < ŷ(x0, t), and therefore, by
Proposition 3.7

e−λ2
0ty(x0, t) ≤ e−λ2

0tŷ(x0, t) < C,

Now let x be some other point in (−1, 1). Then, by Lemma 4.2, there
exists a constant C̃ such that for sufficiently negative time

y(x, t) =

∫ t

−∞
yt(x, t)dt =

∫ t

−∞

κ(x, t)

cos θ
dt ≤ C̃

∫ t

−∞

κ(x0, t)

cos θ0
dt = C̃y(x0, t).

Hence, by once again using Proposition 3.7

e−λ2
0ty(x, t) ≤ C̃e−λ2

0ty(x0, t) < C.

□

We will now examine the limiting behaviour of the height function
on the general ancient solution.

Proposition 4.4. For some constant A, we have

eλ
2
0ty(x, t) → A

(
cosh(λ0x) +

κ1 − κ2

2λ0 − (κ1 + κ2) tanhλ0

sinh(λ0x)

)
uniformly as t → −∞, where κ1 := κΩ(1, 0), κ2 := κΩ(−1, 0).

Proof. For each τ < 0, let yτ (x, t) := e−λ2
0τy(x, t + τ) defined on the

time-translated flow {Γτ
t }t∈(−∞,−τ) where Γτ

t := Γt+τ . Lemma 4.3, im-
plies a uniform bound for yτ on {Γτ

t }t∈(−∞,T ] for any T ∈ R. Alaoglu’s
theorem therefore yields a sequence of times τj → −∞ such that yτj

converges in the weak∗ topology as j → ∞ to some y∞ ∈ L2
loc([−1, 1]×

(−∞,∞)). Since convexity and the boundary condition imply a uni-
form bound for ∇τyτ on any time interval of the form (−∞, T ], where
∇τ is the gradient on Γτ

t , we may also arrange that the convergence in
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uniform in space at time zero, say. For any j, note that yτj satisfies
the following boundary value problem;

(14)

{
(∂t −∆τj)yτj = 0 in Γτ

t

⟨∇τjyτj , N⟩ = y · f on ∂Γτ
t ,

where f = sin θ
y
, N is the outward unit normal to ∂Ω and ∆τ is the

Laplacian on Γτ
t . Since yτj satisfies (14) then necessarily∫ −τj

−∞

∫
Γ
τj
t

yτj(∂t −∆τj)∗η = 0

for all smooth η which are compactly supported in time and satisfy

∇τη ·N = η · f on ∂Γ
τj
t ,

where (∂t − ∆τj)∗ = −(∂t + ∆τj) is the formal L2-adjoint of the heat
operator. Since {Γτj

t }t∈(−∞,−τj) converges uniformly in the smooth
topology to the stationary interval {[−1, 1]× {0}}t∈(−∞,∞) as j → ∞,

we may parameterise each flow {Γτj
t }t∈(−∞,−τj) over I := [−1, 1] by

a family of embeddings γj
t : I × (−∞,−τj) → Ω which converge in

C∞
loc(I × (−∞,∞)) to the stationary embedding Γ∞, which is char-

acterised by (x, t) 7→ xe1. Given η ∈ C∞
0 (I × (−∞,∞)) satisfy-

ing ηz(1) = ηκ1, and ηz(−1) = −ηκ2 (recall that f(e1) = κ1 and
f(−e1) = −κ2). Set ηj = ϕjη, where ϕj : [−1, 1] × (−∞, τj) → R is
defined by

ϕj(z, t) = es
j(z,t),

where sjz(z, t) = (|γj
z(z, t)| − 1)f(γj(z)). This ensures that ∇τjηj ·N =

ηj · f , and hence ∫ −τj

−∞

∫
Γ
τj
t

yτj(∂t −∆τj)∗ηj = 0.

Since ϕj → 1 in C∞
loc(I × (−∞,∞)), then weak∗ convergence of yτj to

y∞ as j → ∞ implies∫ ∞

−∞

∫
Γ∞

y∞(∂t −∆τj)∗η = 0.

Thus by the L2 theory for the heat equation, y∞ satisfies{
y∞t = y∞xx in [−1, 1]

y∞x (±1) = ±y · f((±1, 0)) on ∂Γτ
t .
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Finally, we characterise the limit. Separation of variables leads us to
consider the problem{

−φxx = µφ in [−1, 1]

φx(±1) = ±φ · f((±1, 0)) on ∂Γτ
t .

After a long calculation, one finds that the negative eigenspace re-
stricted to convex functions is one dimensional. This eigenspace cor-
responds to the eigenvalue λ0, as defined in Lemma 2.5 and the corre-
sponding eigenfunction is given by

φλ0 := coshλ0x+
κ1 − κ2

2λ0 − (κ1 + κ2) tanhλ0

sinhλ0x.

Note that in general, there might be a second negative eigenvalue,
however, in that case the corresponding eigenfunction is not convex.
Thus,

y∞(x, t) = Aeλ
2
0t

(
coshλ0x+

κ1 − κ2

2λ0 − (κ1 + κ2) tanhλ0

sinhλ0x

)
for some A ≥ 0, and by the avoidance principle, such an A is unique.

□

Uniqueness of the constructed ancient solution now follows directly
from the avoidance principle.

Theorem 4.5. Modulo time translation, for each diameter of Ω, there
exists precisely two convex, locally uniformly convex, ancient solution
to the free boundary curve shortening flow in Ω, one lying on each side
of the diameter.

Proof. Consider two convex ancient solutions {Γt} and {Γ′
t} to (2) lying

on one side of D. Given τ > 0, consider the time-translated solution
{Γτ

t } defined by Γτ
t = Γ′

t+τ . By the previous proposition;

e−λ2
0tyτ (x, t) → Aeλ

2
0τ

(
cosh(λ0x) +

κ1 − κ2

2λ0 − (κ1 + κ2) tanhλ0

sinh(λ0x)

)
as t → −∞. Thus, Γτ

t lies above Γt for t sufficiently negative. The
avoidance principle then ensures that Γτ

t lies above Γt for all t ∈
(−∞,−τ). Taking τ → 0, we find that Γ′

t lies above Γt for all t < 0 by
the avoidance principle. But both curves reach the same point at time
zero, and so they must intersect for all t < 0. The strong maximum
principle then implies the two solutions coincide for all t. □
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Appendix A. Orthogonally Intersecting Angenent Ovals

Let Ω ⊂ R2 be a compact, strictly convex domain and let D be any
diameter of Ω. By shifting, rotating and dilating, we may assume that
D = [−1, 1]. We will show that for any ρ > 0, there exists a time-slice
of an x-shifted Angenant oval of the form

Aλ,ξ
t := {(x, y) ∈ R× (0, π

2λ
) | sin(λy) = eλ

2t cosh(λ(x− ξ))}

such that Aλ,ξ
t intersects ∂Ω orthogonally at two points that lie below

the line y = ρ. Moreover we will show that the scale λ has a limit
as ρ → 0. We will do the construction in two parts, first by asserting
that we have orthogonality at a single point on the boundary, and then
demonstrating we have a large enough degree of freedom to achieve
orthogonality at a second point on the boundary.

A.1. Orthogonality at a Single Point. We adopt a graph parametri-
sation for ∂Ω ∩ {(x, y) ∈ R2 | y ≥ 0}, ϕ(x) where x ∈ [−1, 1]. Pick a
point on ∂Ω ∩ {(x, y) ∈ R2 | y ≥ 0}, say (x0, ϕ(x0)), such that x0 > 0

and ϕ′(x0) < 0. Then it is easily verified that Aλ,ξ
t passes through

(x0, ϕ(x0)) for any ‘valid’ λ (the precise meaning of this will be estab-
lished in the next lemma) and for any t < 0 where ξ is given by

(1) ξ = x0 −
1

λ
cosh−1

(
e−λ2t sin(λϕ(x0))

)
.

Thus, we obtain a 2-parameter family of Angenant ovals which pass
through the point (x0, ϕ(x0)). We reduce this to a 1-parameter family,
by enforcing orthogonality at that point.

Lemma A.1. For each λ ∈
(

1
ϕ(x0)

tan−1( −1
ϕ′(x0)

), π
2ϕ(x0)

)
, let Aλ,ξ

t be the

scaled Angenant oval where

(2) t =
1

2λ2
log

(
sin2(λϕ(x0))−

cos2(λϕ(x0))

ϕ′(x0)2

)
and

(3) ξ = x0 −
1

λ
cosh−1

 sin(λϕ(x0))√
sin2(λϕ(x0))− cos2(λϕ(x0))

ϕ′(x0)2

 .

Then Aλ,ξ
t intersects ∂Ω orthogonally at (x0, ϕ(x0)).

Proof. It is easy to verify that (tanh(λ(x0−ξ)),− cot(λϕ(x0))) is normal
to the Angenant oval at (x0, ϕ(x0)). Similarly (−ϕ′(x0), 1) is normal to
∂Ω at (x0, ϕ(x0)). Hence, we require

tanh(λ(x0 − ξ))ϕ′(x0) + cot(λϕ(x0)) = 0
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which, after substituting into (1), can be solved for t. Substituting this
t back into (1) yields (3).
In (2), we need the term inside the log to be strictly positive, i.e.,

0 < sin2(λϕ(x0))−
cos2(λϕ(x0))

ϕ′(x0)2
.

This tells us λ > 1
ϕ(x0)

tan−1( −1
ϕ′(x0)

). Similarly, in the expression for ξ

(3), we need the term in the parenthesis to be greater than one, which
is always true provided λ < π

2ϕ(x0)
. □

Definition A.2. Given x0 as in the beginning of the section, and λ,
Aλ,ξ

t as in Lemma A.1, define Aλ
x0

to the be connected component of

Aλ,ξ
t ∩ Ω passing through (x0, ϕ(x0)).

A.2. Orthogonality at the Second Point. For each (x0, ϕ(x0)) ∈
∂Ω as in the beginning of section A.1, we have one parameter family
of Angenant ovals Aλ

x0
which intersect ∂Ω orthogonally at (x0, ϕ(x0)).

Now, let ρ > 0. We will now show that we can find x0 and λ so
that Aλ

x0
intersects ∂Ω orthogonally at two points and lies in the strip

{(x, y) | 0 < y < ρ}. We first show a preliminary lemma.

Lemma A.3. Let ρ be such that the line y = ρ intersects ∂Ω at two
points. Then there exists a point x0 with ϕ(x0) < ρ and ϕ′(x0) < 0, and
such that the following holds: Aλ

x0
with λ := π

2ρ
, as in A.2, intersects

∂Ω at (x0, ϕ(x0)) orthogonally, and further, intersects ∂Ω at a second
point (x̂, ρ), where ϕ′(x̂) > 0.

Proof. By assumption, the line y = ρ = π
2λ

intersects ∂Ω at a point
(x1, ρ) where ϕ

′(x1) < 0. Then for x0 > x1, ϕ(x0) = ρ and so π
2ϕ(x0)

> π
2ρ

from which the previous lemma implies Aλ
x0

is well-defined. Recall that
Aλ

x0
is part of a scaled Angenent oval (as in Definition A.2) and the

point on this Angenent oval with outward pointing unit normal equal
to −e1 has y-coordinate equal to ρ and x-coordinate given by

x̂ =
−1

λ
cosh−1

(
1

sin2(λϕ(x0))− cos2(λϕ(x0))
ϕ′(x0)

)
+ ξ.

As x0 → 1, x̂ → −∞. Additionally, one can check (by replacing ξ from
Lemma A.1), as x0 ↘ x1, x̂ → x0. Therefore, by the intermediate value
theorem, we can find an x0 satisfying the consequent of the lemma. □

Lemma A.4. For any ρ > 0, we can find x0 and λρ, as in Lemma A.1

so that ϕ(x0) < ρ and A
λρ
x0 intersects ∂Ω orthogonally at two points and

lies in the strip {(x, y) | 0 < y < ρ}.



CLASSIFICATION OF CONVEX, ANCIENT, FREE BOUNDARY CSF 23

Proof. Given ρ, fix x0 as given in Lemma A.3. Then, the angle between

the tangent vectors of A
π
2ρ
x0 and ∂Ω at (x̂, ϕ(x̂)) is less than π/2. Keeping

x0 fixed, we consider now Aλ
x0

as in Definition A.2 and we claim that

there exists a λρ such that A
λρ
x0 intersects ∂Ω orthogonally (at both

points). By continuity, it suffices to show that there exists a λ such that
the angle between the tangent vectors of Aλ

x0
and ∂Ω at the second point

of intersection is less than π/2. We do this by showing, in the following
claim, that there exists λ for which the corresponding ξ (determined
in the definition for Aλ

x0
in Lemma A.1) is equal to −1.

Claim A.5. There exists λ ∈
(

1
ϕ(x0)

tan−1( −1
ϕ′(x0)

), π
2ϕ(x0)

)
such that ξ =

−1.

Proof. ξ = −1 means we are trying to solve

x0 −
1

λ
cosh−1

 sin(λϕ(x0))√
sin2(λϕ(x0))− cos2(λϕ(x0))

ϕ′(x0)2

 = −1,

which after rearranging becomes

ϕ′(x0)
2 tanh2 (λ(x0 + 1)) = cot2(λϕ(x0)).

Define a function

f(λ) := ϕ′(x0)
2 tanh2 (λ(x0 + 1))− cot2(λϕ(x0)).

If λ = 1
ϕ(x0)

tan−1( −1
ϕ′(x0)

), then

f(λ) = ϕ′(x0)
2
(
tanh2(λ(x0 + 1))− 1

)
< 0.

On the other hand, if λ = π
2ϕ(x0)

f(λ) = ϕ′(x0)
2 tanh2(

π

2ϕ(x0)
(x0 + 1)) > 0,

this proves the claim. □

□

A.3. Calculating the asymptotic behavior of λρ (as in Lemma
A.4) as ρ → 0. Now that we have justified the construction of the
shifted and scaled Angenent oval which intersects ∂Ω orthogonally be-
low the horizontal line y = ρ (Lemma A.4), we will show that its scale
factor λρ, as ρ → 0, does have a limit, which we will call λ0. To
do this, we consider a sequence ρi tending to 0, and for each ρi we
considered the corresponding Aλi

xi
as constructed in Lemma A.4. We

first show that lim infi→∞ λi and lim supi→∞ λi are bounded below and
above respectively.
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Lemma A.6. We have

max{κΩ(e1), κ
Ω(−e1)} ≤ lim inf

i→∞
λi ≤ lim sup

i→∞
λi ≤ σ,

where σ solves the equation σ tanhσ = max{κΩ(e1), κ
Ω(−e1)}.

Proof. Consider a sequence ρi ↓ 0 and the corresponding Aλi
xi

as con-
structed in Lemma A.4. Recall that

λi >
1

ϕ(xi)
tan−1(

−1

ϕ′(xi)
).

Note that xi → 1, as i → ∞, which gives lim infi→∞ λi > κΩ(e1), and
since we could have done the entire construction in the previous section
by considering xi so that ϕ′(xi) > 0, the lower bound follows. We also
note that, the above freedom to choose “side” for xi, allows us to
assume without loss of generality that κ(e1) ≥ κ(−e1) and, moreover,
in the case of equality the following picture holds: If we denote by R
the reflection about the y-axis, then R(∂Ω ∩ {x ≥ 0, 0 ≤ y ≤ ρi}) lies
inside Ω for all ρi sufficiently close to 0.

Consider now an Angenent oval Aσi
xi

as in Lemma A.1 (see also Def-
inition A.2) which is not shifted, that is

(4) ξi = xi −
1

σi

cosh−1
(
e−σ2

i t sin(σiϕ(xi))
)
= 0.

Then, Aσi
xi

intersects R(∂Ω ∩ {x ≥ 0, 0 ≤ y ≤ ρi}) orthogonally, and
thus ∂Ω ∩ {x < 0} at an acute angle (as per defintion 2.1, see figure 3
and Remark 2.3). Following the construction in Lemma A.4, we point
out that as the shift ξ decreases, the scale λ also decreases, and so by
decreasing ξ towards −1 (when the angle becomes obtuse), we can infer
that λi < σi. Therefore lim supi→∞ λi ≤ σ := limi→∞ σi. To calculate
σ, note that (4) can be written as

cosh(σixi) =
1√

1− cot2(σiϕ(xi))
ϕ′(xi)2

.

After taking the limit as xi → 1, this becomes

cosh(σ) =
1√

1− κΩ(e1)2

σ2

,

which rearranges to

σ tanhσ = κΩ(e1).

□
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Aσi
xi

Aλi
xi

xi

R(∂Ω ∩ {x ≥ 0, 0 ≤ y ≤ ρi})

Figure 3. Aσi
xi

intersects ∂Ω at an acute angle.

Lemma A.6 implies there exists a subsequence ρij , for which the
corresponding λij converges, as j → ∞, to some λ0 ∈ (0,∞). We will
show that λ0 is independent of the sequence ρi. This then implies that
the scale λ has a limit as ρ → 0.

First note that the shifts ξij of A
λij
xij

, as in (3) in Lemma A.1, also
have a limit, which we call ξ0 and satisfies

ξ0 := 1− 1

λ0

cosh−1

 1√
1− κΩ(e1)2

λ2
0

 .

Recall that if A
λij
xij

intersects ∂Ω at a point (x̂, ϕ(x̂)) ∈ ∂Ω orthogonally

(here x̂ is either xij or the corresponding x-coordinate of the point on

∂Ω ∩ A
λij
xij

, (x̂, ϕ(x̂)) with ϕ′(x̂) > 0), then

tanh(λij(x̂− ξij))ϕ
′(x̂) + cot(λijϕ(x̂)) = 0,

which can be written as

tanh(λij(x̂− ξij)) = −
cot(λijϕ(x̂))

ϕ′(x̂)
.
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Taking the limit as j → ∞ and noting that x̂ → 1 or x̂ → −1 we
obtain

(5)

{
tanh(λ0(1− ξ0)) = κΩ(e1)

tanh(λ0(−1− ξ0)) = −κΩ(−e1).

The system (5) can be reduced (by using the addition formula for the
hyperbolic tangent) to

λ2
0 − λ0(κ

Ω(e1) + κΩ(−e1)) coth 2λ0 + κΩ(e1)κ
Ω(−e1) = 0,

which, since λ0 ≥ κΩ(e1), κ
Ω(−e1), determines λ0 uniquely.
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