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Mean Curvature Flow and Ancient
Solutions



Mean Curvature Flow

Let M" be a compact n-dimensional manifold.
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Mean Curvature Flow

Let M" be a compact n-dimensional manifold.

A one-parameter family of immersions X : M" x [0, T) — R"*!
is said to evolve with mean curvature flow if

OX = H (1

~

where H is the mean curvature vector on M, := X(M", t).



Existence of Solutions

Theorem (Short Time Existence)

Let Xo : M" — R"™" be a smooth immersion. Then there exists
e and a smooth solution X : M" x [0,€) — R"*" to the mean
curvature flow with X(-,0) = Xo.
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Existence of Solutions

Theorem (Short Time Existence)

Let Xo : M" — R"™" be a smooth immersion. Then there exists
e and a smooth solution X : M" x [0, €) — R"*' to the mean
curvature flow with X(-,0) = Xo.

Theorem (Long Time Existence)

Let X : M" x [0,T) — R be a solution to the mean curvature
flow on a maximal time interval, where T < oc. Then

sup |AP = o,
Mn x[0,T)

where A is the second fundamental form of M.
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Ancient Solutions

A solution to MCF is called ancient if it exists on a time
interval of the form (—oo, a) for some constant a.

- By time-translation, we may assume that a = 0.
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Ancient Solutions

A solution to MCF is called ancient if it exists on a time
interval of the form (—oo, a) for some constant a.

- By time-translation, we may assume that a = 0.

Ancient solutions to MCF model singularities:

- Type I singularities rescale to ancient solutions.

- Type Il singularities rescale to eternal solutions (solutions
that exist for all time).
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Free Boundary Mean Curvature Flow



Free Boundary Mean Curvature Flow

Let ¥" be a smooth convex hypersurface in R"*! M" a compact
manifold with boundary.
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Free Boundary Mean Curvature Flow

Let ¥" be a smooth convex hypersurface in R"*! M" a compact
manifold with boundary.

A one-parameter family of immersions X : M" x [0, T) — R
satisfies the free boundary mean curvature flow if

OX="H, xeM"
X(x,t) C X, xeaoMm"
(v, o X)(x,t) =0, x e oM"

where v is the normal field to M, and p is the normal field
to X.



Free Boundary Mean Curvature Flow
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Free Boundary Mean Curvature Flow
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Free Boundary Mean Curvature Flow
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Results in FBMCF

- (Stahl '96) Long time existence for smooth initial data.
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Results in FBMCF

- (Stahl '96) Long time existence for smooth initial data.

- (Stahl'96) If ¥ is a ball or R", and M is strictly convex,
then M, converges to a point on X as a type | singularity.

— As a corollary; if n =1, X any convex curve, and M, convex
initial data, then M; converges to a point on X.

- (Langford-Zhu '23) If @ ¢ R? is a C2 convex domain, and
M is a properly embedded curve which meets 992
orthogonally. Then either,

1. M; converges smoothly to chord in Q and T = cc.
2. M, converges to a point on 9Q with rescaled image the
unit semi-circle.
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Classifying Ancient Solutions



Known Classifications

We now restrict to the case that n = 1.
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Known Classifications

We now restrict to the case thatn = 1.
Ancient Solutions to the Curve Shortening Flow:

- (Daskalopoulos-Hamilton-Sesum "10) The only
convex-embedded, compact ancient solutions to the curve
shortening flow are the shrinking circles and the Angenant
ovals.
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Angenant ovals.
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Known Classifications

We now restrict to the case thatn = 1.
Ancient Solutions to the Curve Shortening Flow:

- (Daskalopoulos-Hamilton-Sesum "10) The only
convex-embedded, compact ancient solutions to the curve
shortening flow are the shrinking circles and the Angenant
ovals.

- (Bourni-Langford-Tinaglia "19) The only convex-embedded
ancient solutions to the curve shortening flow are the
stationary lines, shrinking circles, grim reapers and
Angenant ovals.

- (Bourni-Langford '22) There is a unique, non-trivial,
convex-embedded ancient solution to the free boundary
curve shortening flow in S'.
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Ancient Solution in the Circle
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Ancient Solution in the Circle

Goal: Extend this result to any compact, strictly convex free
boundary in R?.
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Main Result

Theorem (B.-Bourni-Catron '24)

Let Q be a bounded, connected, strictly convex domain in R?.
Modulo time-translation, for each diameter of Q (that is, a
line segment intersecting the boundary of Q orthogonally),
there exists precisely two convex, locally uniformly convex,
ancient solutions to the free boundary curve shortening flow
in Q, one lying on each side of the diameter.
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Main Result

Theorem (B.-Bourni-Catron '24)

Let Q be a bounded, connected, strictly convex domain in R?.
Modulo time-translation, for each diameter of Q (that is, a
line segment intersecting the boundary of Q orthogonally),
there exists precisely two convex, locally uniformly convex,
ancient solutions to the free boundary curve shortening flow
in Q, one lying on each side of the diameter.

Proof ldea:

- Existence: Take a sequence of old-but-not-ancient
solutions {Ft}te[%o).

- Uniqueness: Look at the asymptotic behavior of the
quantity e—Aéty(x, t), and use the strong maximum
principle.

1M/ o0



Existence of an Ancient Solution




Old-But-Not-Ancient Solutions

29}

(=1,0) (1,0)




Old-But-Not-Ancient Solutions
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Old-But-Not-Ancient Solutions

(=1,0)




Old-But-Not-Ancient Solutions

(=1,0)

12/ oo



Old-But-Not-Ancient Solutions

g is the unique point for which the curvature is minimised, i.e.,
Vk =0.
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Old-But-Not-Ancient Solutions

- Each of these initial curves gives us a flow {I’f}te(%o], with
initial curve I'”.
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Old-But-Not-Ancient Solutions

- Each of these initial curves gives us a flow {I’f}te(%o], with
initial curve I'”.

- We need to check thatas p — 0, o, = —o0.
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Old-But-Not-Ancient Solutions

- Each of these initial curves gives us a flow {I’f}te(%o], with
initial curve I'”.

- We need to check thatas p — 0, o, = —o0.

To do this, we use barriers.
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Barriers on S’

In the case where the free boundary ¥ = S";
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Barriers on S’

In the case where the free boundary ¥ = S";

A

Co(t)

v
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Barriers on S’

In the case where the free boundary ¥ = S";

A

Co(t)

v

If we let (t) = arcsin(e®), then Cy(y is a super solution to the
free boundary curve shortening flow.

15/ oo



Barriers on S’

In the case where the free boundary ¥ = S";

A

51
Cop)

v

If we let 6(t) = arcsin(e®), then Cy(y is a super solution to the
free boundary curve shortening flow.

16 / oo



Barriers on &

<y

(=1,0 (0,0) (1,0)
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Barriers on &

<y

(=1,0 (0,0) (1,0)
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Barriers on &
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Barriers on &

KE = rCo(—2ry £ (1= ey
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Barriers on &

KE = rCo(—2ry £ (1= ey

Lemma

Consider the old-but-not-ancient solutions {I'{ }tc(a, o) AS
p— 0, ap = —o0.
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KE = rCo(—2ry £ (1= ey

Lemma

Consider the old-but-not-ancient solutions {I'{ }tc(a, o) AS
p— 0, ap = —o0.

- In order to take the limit of these flows, we need uniform
estimates for the curvature and their derivatives.
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Barriers on &

KE = rCo(—2ry £ (1= ey

Lemma

Consider the old-but-not-ancient solutions {I'{ }tc(a, o) AS
p— 0, ap = —o0.

- In order to take the limit of these flows, we need uniform
estimates for the curvature and their derivatives.

- It suffices to prove gradient estimates for the height
function.
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Gradient Estimates

Parameterise I'? by turning angle v : [-6_,604] — Q.
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Gradient Estimates

Parameterise I'? by turning angle v : [-6_,604] — Q.

o cos(u) sin 64 —sin(6(q))
I O R )
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Gradient Estimates

Parameterise I'? by turning angle v : [-6_,604] — Q.

22({py —q,&) = /0+ aosl{ll) o, < 106k =@

o(q) k(U) N k(p+)
9(9) cos sin sinf_
22 @-poren = [ > SRR
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Gradient Estimates

These inequalities, along the evolution equations for turning
angle, gives an ODE inequality for all t < to:

d(f4 +6-) 0y +60_

dt

which, after integrating yields

sin <9+ ;L 9‘) < ce't

> 2rtan(

)
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- Now for a graph parametrisation, y, = tan6.
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Gradient Estimates

These inequalities, along the evolution equations for turning
angle, gives an ODE inequality for all t < to:

d(f4 +6-) 0y +60_

dt

which, after integrating yields

sin <9+ 42_ 0_> < ce't

> 2rtan(

)

- Now for a graph parametrisation, y, = tan6.
- The above bound implies that eventually, for t << to, |yx|
is bounded.
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Gradient Estimates

These inequalities, along the evolution equations for turning
angle, gives an ODE inequality for all t < to:

d(f4 +6-) 0y +60_

dt

which, after integrating yields

sin <9+ 42_ 0_> < ce't

> 2rtan(

)

- Now for a graph parametrisation, y, = tan6.

- The above bound implies that eventually, for t << to, |yx|
is bounded.

Barriers + gradient bounds imply ([Stahl]) that as p — 0,
{M}er=a,,0) = {Tt}te(—00,0)-
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Uniqueness of the Ancient Solution




Height Asymptotics on the Constructed Solution

Let {Tt}te(—o0,0) b€ the constructed ancient solution, equal to
the limit of the flows {Ff}te(%o).
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Height Asymptotics on the Constructed Solution

Let {Tt}te(—o0,0) b€ the constructed ancient solution, equal to
the limit of the flows {Ff}te(%o).

- We choose our initial curves I'” to be sections of
time-slices of Angenent ovals

AN = {(x,y) € R? | sin(\y) = e cosh(A(x — €))}
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Height Asymptotics on the Constructed Solution

Let {Tt}te(—o0,0) b€ the constructed ancient solution, equal to
the limit of the flows {Ff}te(%o).

- We choose our initial curves I'” to be sections of
time-slices of Angenent ovals

AN = {(x,y) € R? | sin(\y) = e cosh(A(x — €))}

- Can show thatas p — 0, A = Ao, where Aq is the largest
solution to

)\(2) = )\o(liq + nz)coth 200 + K1k = 0,

and k1, Ky are the curvatures of 9Q at e; and —eq
respectively.
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Height Asymptotics on the Constructed Solution

After some involved maximum principle arguments, we can

show that on the constructed solution
=
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Height Asymptotics on the Constructed Solution

After some involved maximum principle arguments, we can
show that on the constructed solution

)~
Since with a graph parametrisation, log(y): = —£-, one can

ycosf’
show that the limit

lim e Yly(x, t)

t——o0

exists on the constructed ancient solution and is strictly
positive for each x € (—1,1).
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Height Asymptotics on Any Solution

Any two ancient solutions to the free boundary curve
shortening flow in Q N {y > 0} must intersect for all
sufficiently negative time.
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Height Asymptotics on Any Solution

Lemma

Any two ancient solutions to the free boundary curve
shortening flow in QN {y > 0} must intersect for all
sufficiently negative time.

Proof.
If not, then one solution must lie above the other for all time.
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Height Asymptotics on Any Solution

Lemma

Any two ancient solutions to the free boundary curve
shortening flow in QN {y > 0} must intersect for all

sufficiently negative time.

Proof.

If not, then one solution must lie above the other for all time.
The two solutions must then contract to the same point at

t=0.

I

X
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X
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Height Asymptotics on Any Solution

Lemma

Any two ancient solutions to the free boundary curve
shortening flow in QN {y > 0} must intersect for all
sufficiently negative time.

Proof.
If not, then one solution must lie above the other for all time.
The two solutions must then contract to the same point at

A2 T
~—] [

I'\
09,

X

Thic vvinlatnac +ho avnidance nrincinla —1 26/ o0



Height Asymptotics on Any Solution

Using this lemma, the height of any two solutions are
comparable for t << 0.
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Height Asymptotics on Any Solution

Using this lemma, the height of any two solutions are
comparable for t << 0.
Using this comparison, we can conclude that

lim e oty(x, t)

t——o0

exists on any ancient solution.
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Eigenvalue Problem

Now consider the rescaled height function:

yT(x, 1) = e~ MTy(x, t + 7)
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Eigenvalue Problem

Now consider the rescaled height function:
yT(x, 1) = e~ MTy(x, t + 7)

Since this is uniformly bounded, there exists a (weak*)
subsequential limit y* which solves the problem:

Vo (£1) = £y r(+eq)
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Eigenvalue Problem

Separation of variables leads us to consider the problem:

Oxx = p¢ in [_1’1]
Ox(£1) = Lor(Leq)
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Eigenvalue Problem

Separation of variables leads us to consider the problem:
Oxx = P in [_1a 1]
ox(£1) = Lor(xer)

Analysing eigenvalues =

K1 — R2
2o — (m -+ /iz)tanh Ao

ye(x,t) = Aett <cosh AoX + sinh )\ox)

where k1, ko are the curvatures of 9Q at e; and —eq respectively.
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Eigenvalue Problem

Separation of variables leads us to consider the problem:
Oxx = P in [_1a 1]
ox(£1) = Lor(xer)

Analysing eigenvalues =

K1 — R2
2o — (m -+ /iz)tanh Ao

ye(x,t) = Aett <cosh AoX + sinh )\ox>

where k1, ko are the curvatures of 9Q at e; and —eq respectively.

Every term on the RHS is independent of the ancient solution!
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Uniqueness

Let {T'+} and {I'{} be two ancient solutions to the free
boundary curve shortening flow in Q.
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Uniqueness

Let {T'+} and {I'{} be two ancient solutions to the free
boundary curve shortening flow in Q.
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defined by I'7 =T, ..
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Uniqueness

Let {T'+} and {I'{} be two ancient solutions to the free
boundary curve shortening flow in Q.

Given 7 > 0, consider the time-translated solution {I7}
defined by I'7 =T, ..
Taking the rescaled limit as t — —oc:

R1 — R
2\ — (/ﬂ + mz)tanh Ao

e NlyT(x, 1) — AeMT <cosh()\0X) + sinh(on)>
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Uniqueness

Let {T'+} and {I'{} be two ancient solutions to the free
boundary curve shortening flow in Q.

Given 7 > 0, consider the time-translated solution {I7}
defined by I'7 =T, ..
Taking the rescaled limit as t — —oc:

R1 — R
2\ — (/ﬂ + mz)tanh Ao

e*/\étyT(X, t) — AT <cosh()\0X) + sinh()\ox)>

Therefore {I'7} lies above {I';} for all 7 > 0.
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Uniqueness

Letting 7 — 0, implies I'} lies above I'¢ for all t < 0.
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Uniqueness

Letting 7 — 0, implies I'} lies above I'¢ for all t < 0.

- Both solutions however contract to the same point at time
0.
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Uniqueness

Letting 7 — 0, implies I'} lies above I'¢ for all t < 0.

- Both solutions however contract to the same point at time
0.

- The strong maximum principle therefore implies

{T} e(—00,0) = {Tt}e(—00,0)
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Uniqueness

Letting 7 — 0, implies I'} lies above I'¢ for all t < 0.

- Both solutions however contract to the same point at time
0.

- The strong maximum principle therefore implies

{T} e(—00,0) = {Tt}e(—00,0)

Therefore the solution is unique!!
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Uniqueness

Theorem (B.-Bourni-Catron '24)

Let Q be a bounded, connected, strictly convex domain in R?.
Modulo time-translation, for each diameter of Q (that is, a
line segment intersecting the boundary of Q orthogonally),
there exists precisely two convex, locally uniformly convex,
ancient solutions to the free boundary curve shortening flow
in Q, one lying on each side of the diameter.
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Thank You.
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