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- (Stahl'96) If ¥ is a ball or R"”, and My is strictly convex,

then M, converges to a point on ¥ as a type | singularity.
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initial data, then M, converges to a point on X.

- (Langford-zZhu '23) If Q@ ¢ R? is a C2 convex domain, and
M is a properly embedded curve which meets 992
orthogonally. Then either,

1. M, converges smoothly to chord in Q and T = <.
2. M, converges to a point on 9Q with rescaled image the
unit semi-circle.

- (Bourni-B.-Langford '26) Whenever M; converges to a
point with rescaled image the unit semi-circle, it does so
in the C*-topology (for any k > 0) at a rate no slower than
(T— 1)~ forany ¢ > 0. 2
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Classification Results for the Curve Shortening Flow

For now, forget about the boundary condition.

- (Daskalopoulos-Hamilton-Sesum "10) The only
convex-embedded, compact ancient solutions to the curve
shortening flow are the shrinking circles and the Angenant
ovals.

- (Bourni-Langford-Tinaglia '19) The only convex-embedded
ancient solutions to the curve shortening flow are the
stationary lines, shrinking circles, grim reapers and
Angenant ovals.
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Proof Idea:

- Existence: Take a sequence of old-but-not-ancient
solutions {Tt}tefa,,0)-

- Uniqueness: Look at the asymptotic behavior of the
quantity e‘Aéty(X, t), and use the strong maximum
principle.
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The Mixed Boundary Condition

Fix a point p on R, and solve the Dirichlet-Neumann curve
shortening flow.

For all p “sufficiently large”, by adapting the same methods as
the compact case, we can find a unique ancient solution to this
Dirichlet-Neumann CSF.
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Cones: An Intuition

The normalised support function o satisfies the following
problem

oo =0—(ogg —o)" 0€[0,uw]
op =20 0=0,w.

Linearising at the shrinking circular arc, this becomes

Vi=Vgg+2v 0 € (O,L«))
Vg =0 f=0,w.

The eigenstates are given by

Vk(G,t):e_“’?tcos(%’rO), =52 2, k=0,1,2,....
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Compact Ancient Solutions in
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The Compact, Non-Compact Result

Consider a non-compact, convex curve ¥ bounding a convex
region Q.

Let 7 — w be the total turning angle of %.
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Given an ancient solution {It}i¢(—0,q), the blow-down as
t — —oo will be a self-shrinker in the cone of opening angle w.

This leads to the following result:

1. Ifw € (0, 7], then there is a unique compact, convex,
ancient solution in €.

2. Ifwe (3, %), then for each p € X there are at most 3
compact, convex ancient solutions inside Q which get
extinct at p. These are characterized by their backwards
limit.

3.1fQ e [%,77), then for each p € ¥, there exists a unique
compact, convex ancient solution which gets extinct at p.



Thank You!
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